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ON POSITIVE BIVARIATE QUARTIC FORMS.

RUSLAN SHARIPOV

ABSTRACT. A bivariate quartic form is a homogeneous bivariate polynomial of degree
four. A criterion of positivity for such a form is known. In the present paper this
criterion is reformulated in terms of pseudotensorial invariants of the form.

1. INTRODUCTION.

Let a(z', 2?) be a bivariate quartic form!. It is given by the following formula:

a(z',2?) = A (@) + 4 Ajqz (21 2 +
+6 Aq122 (2)? (2%)? + 4 Apgop &' (2)° + Agana (2)*.

(1.1)

Interpreting #! and 22 as coordinates of a vector x in some two-dimensional vector
space V, one can find that A1111, A1112, A1122, A1222, A2222 are components of a
symmetric tensor A of the type (0,4). Then the formula (1.1) is written as

2 2 2 2
12 i s s
a(z,x) = E E E E Ay igig iy T X 2" 2™ (1.2)
ii=lis=1lig=1is4=1

The form a(z!, 2%) in (1.1) and in (1.2) is called positive if it takes positive values

for all values of its arguments 2! and 22 not both zero. The inequalities

Aq111 > 0, Ago99 > 0. (13)

are necessary conditions for the positivity of the form (1.1). However they are not
sufficient. Necessary and sufficient conditions for the positivity of the form (1.1) do
exist. They are derived from L. E. Dickson’s and E. L. Rees’s results concerning a
univariate quartic polynomial (see [2] and [3]). The main goal of the present paper is
to express these necessary and sufficient conditions in terms of some pseudotensorial
invariants associated with the tensor A whose components are used in (1.1).

2. DICKSON’S AND REES’S RESULTS.
In [2] L. E. Dickson considers a quartic equation in its reduced form with r # 0:
4 2 _
24+ gz +rz+s=0. (2.1)
Among other things, in his book [2] one can find the following result.
2000 Mathematics Subject Classification. 15A48, 14124, 11E76.
1 Upper indices for numerating the variables 2! and =2 in (1.1) are used according to Einstein’s

tensorial notation, see [1].
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Theorem 2.1. The reduced quartic equation (2.1) with real coefficients such that
r # 0 has no real roots if and only if its discriminant Dy > 0 and one of the
following two conditions is fulfilled:

1) 4s>q?%
2) 4s<q¢* and q>0.

The discriminant Dy of the reduced quartic equation (2.1) is given by the formula
Dy =2565%—4¢%r? —27r* +16¢*s — 128 ¢% s + 144 qsr?. (2.2)

The case r = 0 was considered by E. L. Rees in [3]. In this case we have.

Theorem 2.2. The reduced quartic equation (2.1) with real coefficients such that
r = 0 has no real roots if and only if one of the following two conditions is fulfilled:

1) 4s>q?;
2) 0<4s<q® and q> 0.

The case r = 0 is rather simple. In this case, denoting 22 = y, one can reduce
the equation (2.1) to the following quadratic equation:

y>4+qy+s5=0. (2.3)
The discriminant of the quadratic equation (2.3) is given by the formula
Dy = q% —4s. (2.4)
In the case r = 0 the discriminant (2.2) of the quartic equation (2.1) reduces to
Dy =165(q% — 45)°. (2.5)

Comparing (2.5) with two conditions in Theorem 2.2, we see that the first of them
implies Dy > 0, while the second one implies D4 > 0.
3. BRINGING TO REDUCED QUARTIC POLYNOMIALS.

Note that the reduced quartic polynomial in the left hand side of (2.1) is positive
if and only if the equation (2.1) has no real roots. Therefore bringing the form (1.1)
to a reduced quartic polynomial is a method for testing its positivity.

Since x! and 22 are not both zero in positivity tests, we consider two cases —
the case 1 # 0 and the case 22 # 0. If 22 # 0, dividing a(x!, 2?) by (22)* > 0 and
denoting t = 2! /22, we derive the following polynomial from (1.1):

Pi(t) = A t* + 4 A1t + 6 Appog t% + 4 Apogn t + Agoos. (3.1)
If 2! # 0, dividing a(z!, 2?) by (z!)* > 0 and denoting t = 22 /x!, we get
Py(t) = Ajp11 +4 Ajpiat + 6 Ajpoo t? + 4 Ajasa 1% + Aggan t*. (3.2)

The discriminants Dp, and Dp, of the polynomials (3.1) and (3.2) do coincide.
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They determine the quantity Iy by means of the following formula

_ Dp, _ Dp,
7 956 256

Writing the formula (3.3) explicitly, we get

Iop =81 A1111 (Ar122)" Azo22 — 18 (A1111)? (A2202)? (Ar122)® —
— 27 (A1112)* (A2222)% — 12 (A1111)% Ar112 Ar222 (Ag202)® —

— 54 A1111 (A1122)® (A1222)” + 108 A1111 Ar112 (A1222)® Arion —
— 64 (A1112)° (A1222)° + 54 A1111 (A2202)” A1122 (A1112)° +

+ (A1111)? (A2222)® + 54 (A1111)° Agoaz Ar122 (A1222)* +

+36 A3195 (A1112)? (A1222)% — 54 (A1122)” (A1112)? A220 —

— 27 (A1111)? (A1222)* — 180 A1111 Ar112 A1222 (A1122)° Agoos +

+ 108 (A1112)® A1222 A1122 A2222 — 6 A1111 (A1112)? (A1222)® Adazo.

We can bring the polynomial (3.1) to the reduced form (2.1) by substituting

A
p o, A1

Allll

As a result we get the following expressions for the coefficients in (2.1):

_ 6A1122 6(A1112)?

_ - , 3.5
Y Voo (A1111)? (3:5)
4 A2 12 A1190 A1nia | 8(A1112)°
ro= _ + , 3.6
YT A (A1111)? (A1111)3 (3.6)
Aoy AAia Atz | 6 A2 (A1112)? 3 (Aqin)?
S1 = - B} + 3 - 1 (37)
A (A1111) (A1111) (A1111)

We can bring the polynomial (3.2) to the reduced form (2.1) by substituting

A
p o, 1222

A2222

As a result we get the following expressions for the coefficients in (2.1):

~ 6A1122 6(A1222)?

_ _ , 3.8
2= (A2229)? (8:8)
4 A1112 12 A1122 Ai2as 8 (Aia22)?
ro — _ + , 3.9
> Ag (A2222)? (Ag222)3 (3.9)
A 4 A A 6 A A 2 3(A 4
oy = A 4 Az 1122 (A1222)” 3 (Ai222) ' (3.10)

B A2222 (A2222) 2 (A2222 ) 3 (A2222 ) 4
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4. POSITIVITY CRITERIA FOR A BIVARIATE QUARTIC FORM.

The coefficient r of the reduced polynomial (2.1) is used as a testing parameter
in Theorems 2.1 and 2.2. Therefore, relying upon (1.3) and using (3.6) and (3.9),
we define the following two testing parameters:

3
, I = 7(’422242) = (4.1)

(A1111)3 7

I = 1

Here are the explicit expressions for the parameters (4.1):

I = (A1111)? A1202 — 3 A1111 Ar112 Av122 + 2 (A1112)°, (4.2)

Iy = (A2922)? A1112 — 3 Agoon A1z Ar1oe + 2 (Ara22)”. (4.3)

Another parameter used in Theorems 2.1 and 2.2 is ¢q. Therefore, relying upon
(1.3) and using (3.5) and (3.8), we introduce

Aun)’a I, = A2)* e (4.4)

I =
3 6 ’ 6

Here are the explicit expressions for the parameters (4.4):

I3 = Aji11 Anigs — (A1112)?, (4.5)

I4 - A2222 A1122 - (A1222)2- (46)

The third parameter used in Theorems 2.1 and 2.2 is s. Therefore, relying upon
(1.3) and using (3.7) and (3.9), we introduce the following two parameters:

Is = (A1111)* 1, Is = (A2222)" 52 (4.7)
Here are the explicit expressions for the parameters (4.7):

Is = 6 Aj111 Ar12 (A1112)? — 3 (Ag12)*—
— 4 A%, Araze Ar112 + (A1111)? Aoaa,

Is = 6 Agooz Av122 (A1222)% — 3 (A1222)* —
— 4 A%y05 Ar112 A1202 + (A2222)® Ar111.

(4.8)

(4.9)

Apart from separate entries of ¢ and s, Theorems 2.1 and 2.2 comprise their
combination (2.4). Applying (3.5), (3.7) and (3.8), (3.10) to (2.4), we derive

Do 36 (Aq122)? ~ 96 A112 (A1112)?
21) (A1111)2 (A1111)3

48 (A1112)* n 16 A1222 A1112 4 Agozo
(A1111)4 (A1111)? Ajin

(4.10)
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_36(Ai122)® 96 Aoz (Ai222)?

Dazy = +
2@ 7 T (Ap0)? (A2222)° )
48 (A122)* n 16 Aj112 Arz22 4 A
(Ag222)4 (A2222)? Agzos
Now, relying upon (1.3) and using (4.10) and (4.11), we introduce
A 1D A 1D
- (A1111) 200 I — (A222) 22) (4.12)
4 4
Here are the explicit expressions for the parameters (4.12):
I7 = 9 (A1122)? (A1111)? — 24 Aq111 A1z (A1112)* + (4.13)
+ 12 (A1112)* + 4 (A1111)? A1202 A1112 — (A1111)° A2a2o, '
Is = 9 (A2222)? (A1122)? — 24 Agzaz A1122 (A1202)* + (4.14)

+ 12 (A1222)* + 4 (A222)% A1112 A1202 — (A2922)® Aj111.

Using the parameters (3.4), (4.2), (4.3), (4.5), (4.6), (4.6), (4.8), (4.9), (4.13), and
(4.14), we can formulate the following theorems.

Theorem 4.1. A bivariate quartic form (1.1) is positive if and only if Aj111 > 0
and one of the following four conditions for its parameters is fulfilled:

1) 1 £0, I >0, I; <0;

2) 1 #0, In >0, I; >0, I3 >0;

3) L =0, I; <0;

4) =0, I >0, I3>0, I >0.

Theorem 4.2. A bivariate quartic form (1.1) is positive if and only if Ao > 0
and one of the following four conditions for its parameters is fulfilled:

1) Ir #0, Ip >0, Is <0y

2) 12750, Iy >0, I >0, 14 >0;

3) I, =0, Is<0;

4) I, =0, Ig>0, I, >0, Is>0.

Theorems 4.1 and 4.2 are immediate from Theorems 2.1 and 2.2. Each of them
is a criterion of positivity for the bivariate quartic form (1.1). Hence they are
equivalent to each other. However, deriving one of these theorems from the other
seems to be rather difficult.

5. PSEUDOTENSORS AND PSEUDOSCALARS.

Len V be some n-dimensional linear vector space. Assume that e, ... , e, and
€1, ..., €, are arbitrary two bases in V. In this context they are usually called
the old basis and the new basis respectively (see [4]). The bases are related to each
other by means of two mutually inverse matrices square S and T

& => e, ei=Y T/& (5.1)
j=1 j=1

The matrices S and T are called direct and inverse transition matrices respectively,
while the formulas (5.1) are called direct and inverse transition formulas.
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Definition 5.1. A pseudotensor of the type (r,s) and of the weight m is a geo-
metrical and/or physical object in a linear vector space V presented by an array of
quantities F’ ;11;: in each basis ey, ... , e, of V" and transformed as follows under
any change of basis given by the formulas (5.1):

n
[T T m i1 iy gL 4s [p1---Dr
Fitoir = (det T)™ Y Sit ... Sjr T3 T FPr-pr,
P1---Dr
q1...9s

Pseudotensors of the weight m = 0 are known as tensors (see [5]).

Definition 5.2. Pseudotensors of the type (0,0) are called pseudoscalars. Pseu-
doscalars of the weight m = 0 are called scalars.

Definition 5.1 can be found in [6], though of cause it was known much prior to
[6] (see [7] for instance). This definition is slightly different from that of [8].

In our case dim V' = 2. There is a fundamental pseudotensor d of the type (0, 2)
and of the weight —1 in each two-dimensional linear vector space V. Its components
are given by the same skew-symmetric matrix

0 1
=] 1l

-1 0

in any basis e1, es of V. The dual object for d is given by the same matrix

(5.2)

y H 0 1”
4 =
~1 0

in any basis e1, es of V. This dual object is denoted by the same symbol d as the
initial one. It is a pseudotensor of the type (2,0), its weight is equal to 1.

6. PSEUDOTENSORIAL INVARIANTS.

The tensor A, whose components are used in (1.1) and (1.2), is a true tensor,
i.e. its weight is zero. Combining A with the pseudotensor d defined by (5.2), we
can compose various pseudotensorial objects. Let’s begin with the following one:

2
Biyisizis = Z Ail 12 J2 k1 i AZ% 14 J1 k2 k272 (61)
k3, k4
J35704
The formula (6.1) defines a pseudotensorial object of the type (0,4) and of the

weight 2. Its components can be calculated explicitly. Two of them are associated
with the parameters I and Iy in (4.5) and (4.6):

_ Bun _ Boo
Ig— B 5 I4— 2 . (62)

Definition 6.1. Any pseudotensorial object constructed with the use of A and d
is called a pseudotensorial invariant of the quartic form (1.1).
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So, according to Definition 6.1, the pseudotensor B is a pseudotensorial invariant
of the quartic form (1.1). As for I3 and Iy in (6.2), they are not pseudotensorial
invariants. They are just certain components of a pseudotensorial invariant.

The next pseudotensorial invariant C is constructed with the use of A, B, and
d by means of the following formula:

2
N ok
Oil 1243 44 1596 E Bil 1213 ja d’* " Ai4 i5 16 ka - (63)

Ja,ka

The formula (6.3) defines a pseudotensorial object of the type (0,6) and of the
weight 3. Its components can be calculated explicitly. We need only two of them.
They are associated with the parameters I; and I in (4.2) and (4.3):

Il = 0111111, 12 - —0222222- (6-4)

In what follows we need the pseudoscalar object 5 given by the formula

2
B = Z Bil 12 J1 J2 A drz, (65)
i1, 2
JisJ2
The pseudoscalar 5 in (6.5) can be calculated explicitly:
B =8A1112 A1222 — 6 (A1122)% — 2 Ay111 Aoazo. (6.6)

Tts weight is equal to 4. Along with /3 in (6.6), we need the following pseudotensorial
object of the type (0,8) and of the weight 4:

k1,k2,k3,ka (67)
J1,72,735]4

o ksjs A. . . k4 j4
XAlslﬁjzksd A1718J37€4d :

All of the components of the pseudotensorial object (6.7) can be calculated expli-
citly. We need only two of them:

Diriiiinn = 2 (Ar112)* + 2 (A1111)? (A1122)? — 4 Aq111 Av122 (Ar112)?,

(6.8)
Dig222220 = 2 (A1222)* + 2 (A2222)? (A1122)% — 4 Aoaz0 Ar122 (A1222)°.
Comparing (6.8) with (4.8) and (4.9) and using (6.6), we can write
I_ 3Diinn B (Ann1)?
5 — — 2 - 2 3
(6.9)
Is = 3 Dosanonzy  3(As222)”

2 2
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The formulas (6.9) mean that the parameters I5 and I are not pseudoscalars. They
are just components of the pseudotensorial invariant given by the formula

3 B

_gDi1i2i3i4i5i6i7is - EAi1i2i3i4 Ai5i6i7i8'

The parameters I7 and Ig are similar to I and Is. Comparing (6.8) with (4.13)
and (4.14) and taking into account (6.6), we can write

A 2
I; =6 Di1111111 + Ma
, (6.10)
A
I = 6 Da2222222 + %

The formulas (6.10) mean that the parameters I; and Ig are not pseudoscalars.
They are just components of the pseudotensorial invariant given by the formula

________ B

6D111213Z415161718 + EAi1i2i3i4 Ai5i6i7i8'

7. TENSORIAL PRESENTATION OF THE DISCRIMINANT.

Let’s proceed to the parameter Iy in (3.4) which was produced from the dis-
criminants Dp, and Dp, in (3.3). This parameter is much more complicated than
the previous ones. In dealing with this parameter we need more sums like (6.1)
and (6.7). It is convenient to associate some graphical images with such sums (see
Fig. 7.1) where each entry of A corresponds to a node, while each entry of d corre-
sponds to a bond. Each index not used in summation is represented as a free bond.
Since the tensor A has four indices, each node in Fig. 7.1 has exactly four bonds
either bound or unbound. For example, the sum (6.1) is presented as dipole with
two inner bonds and two free bonds at each end.

The pseudoscalar § is produced from B according to (6.5). Graphically the sum
(6.5) corresponds to binding free bonds of B. Therefore § is presented as dipole
with four inner bonds in Fig. 7.1. There is an intermediate object

2
Bii = ZBiljliledkljl- (7.1)
k1,51

It is presented as a dipole with three inner bonds and with one free bond at each
end. One can calculate the components of B in (7.1) explicitly and find that

Birin = gdil i2- (7.2)

Due to (7.2) the triple dipole B can be replaced with a bond whenever it enters to
a more complicated diagram.

The sum (6.7) corresponds to the square D with two free bonds at each node.
There is one more square shape in Fig. 7.1. It is denoted through §. The shapes

with three nodes are presented by triangles C' and v and by the right angle C. The
right angle C' corresponds to the sum (6.3).
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Below we shall derive formulas associated with each shape in Fig. 7.1. Let’s
begin with the triangular shape C'. Like the square D, the triangle C has two free

??%

&P
o-ab-

€1 €0

& e

-
L) 44

€2 €3

P
00

Fig. 7.1



10 RUSLAN SHARIPOV

bonds at each note. Here is the pseudotensorial object associated with C"

2
...... — E o kijig. . k2.j2 A ks js
Cll 221314156 A’Ll 12 73 k‘l d A’L3 24 J1 k‘2 d A’L5 16 J2 k‘3 d . (73)
k1,k2,k3
J1,32,J3

Its type is (0,6), its weight is 3. The components of the pseudotensor (7.3) can be
calculated explicitly. Using them, we calculate the pseudoscalar ~:

2
Y= Z st k1 j1 k2 jo ks dkl n dk27j2 dk?’ Js | (74)
k1,ko,ks
Juj2,33
The weight of the pseudoscalar (7.4) is 6. Here is the explicit formula for +:
v =12 A1112 A1122 A1202 + 6 Ar111 Av122 A0 —

— 6 (A1122)% — 6 (A1112)% Ag220 — 6 Aq111 (A1222) 2.

€8 €9 €10

Fig. 7.2

There is one more triangular shape in Fig. 7.1. It is denoted C. Here is the
formula for the associated pseudotensorial object:

2
3 .
Ciyigigis = E Ciy jrigkyizig ™71 (7.5)

Juk1

The formula (7.5) defines a pseudotensorial object of the type (0,4) and of the
weight 4. Its components can be calculated explicitly if needed.

The square shape 0 in Fig. 7.1 is associated with a pseudoscalar object of the
wight 8. It is calculated by means of the following formula:

2
ki g ka,j ks j ka7
6 = § : Dj4k1j1k2j2k3j3k4d LI qRI2 s ds g s (76)
k1,ko,ks,ka
J1:92:J3,J4

It turns our that ¢ from (7.6) is expressed through 8 from (6.6):
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Pentagonal shapes cannot be associated with the parameter Iy. Therefore we
proceed to hexagonal ones. The shape F in Fig. 7.1 is presented by the formula

2

o _ L k1 j1
EH 92 13 14 15 16 7 18 19 110 111 412 Azl i2 je k1 d X
k1,k2,ks,ka ks, ke
J1,72,73,74,15,6 (7 7)

S k2,j2 A. . . ksjs A. . . k4 j4
X Als 14 j1 k2 d Als ig j2 k3 d AZ? ig j3 ka d X

o ks.js A. . . ke jo
X Alg 10 Ja ks d Alu 112 J5 ke d :

It defines a pseudotensorial object of the type (0,12) and the weight 6. Using (7.7),
one can calculate the pseudoscalar € associated with the double hexagon:

2
— E ) . . . . ) k1 j
€0 = EJG k1 j1 k2J2k3J3k4,J4/€5]5/€6d X
kkz ks ka, ks, ko (7.8)

J1,92:J3,J4,75:J6
% dk27j2 dks J3 dk4j4 dksjs dksjs

Actually, using (7.7) is rather time consuming. For this reason, instead of (7.8), we
use another formula for calculating eq:

2
— E . o . k1 j
€0 = B]s Je k1 k2 le j2 ks k4 BJSLMJCSJCG drirx
kikz ks ka ks ko (7.9)

J1:J2,J3,74,75:J6
< dk2:92 qksds gkaja gksds gke Je

The quantity (7.9) is a pseudoscalar object of the weight 12. Here is an explicit
expression for this pseudoscalar object:

g0 = 128 (A1112)° (A1222)” — 30 (A1111) % (A2222)” (A1122)° —
—30 A1111 (A1122) * Azzo — 24 A1t (Ar122)° (A122) % —
—12 (A1112)* (A2222) % 4+ 96 A1111 A1112 Ar222 (A1122) % Azoz +
+48 (A1112)® A1222 A122 Aazos + 24 (A1111) 2 A1112 A1292 (A2922) +

+48 Aj111 Ar11o (A1292) Av10o + 24 Aj111 AZyne Ar122 (A1112) % + (7.10)
+24 A7) 11 Agaz Ar122 (A1222)” — 336 (A1122)” (A1112)” (A1222)% —
—24 (A1122)® (A1112) % A2222 — 120 A1111 (A1112)? (A1222) % Agons —

=12 (A1111)? (A1222)* — 2 (A1111)® (A2222)® — 66 (A1122)° +

+264 A1112 A1292 (A1122) "

Formulas similar to (7.9) are available for the quantities from e, through e1¢:

k1,k2.ks,ka,ks ke (7.11)
J1,J2,73,]4,75,]6

% dk27j2 dks J3 dk4j4 dksjs dejG,
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2
— E A k1 j
€2 - CJ1]6]3J2]4J5 Ckl ko k3 k4 ks ksd t X
k1,k2,k3,ka,ks, ke (7.12)

J1,.J2,J3,J4,75,J6
k2,j2 ks js jkaja gksjs gke jo
x d"72d d d d )

2
— E A A . k1 j
€3 - CJl J2 J3 ja js k1 Cks ks ka jo k3 k2 drtx
kyka ks ka,ks ke (7.13)

J1,32,33,54,75:J6
% dk2’j2 dks J3 dk4 Ja dks Js dksjs,

2
_ E o7 A . k1 j1
€4 - OJ1,J2>J3J4J5J€1 Ck4»k6>k3>J6»k2ak5 d X
k1,k2,k3,ka,ks5,ke (7.14)

J1,J2,93,J4,J5,76
% dk292 gks s gkaja gks s dksjs,

2
_ E ST A ) k1 j1
€5 - OJI J3 Js Je ja k1 Chs ka Jo2 ks ke k2 d X
k1,ka,k3,ka,ks ke (7.15)

J1,J2,93,J4,J5,76
k2,j2 ks js gkaja jksjs gke Jj
x d"72d d dre s dre s,

2
— E s A ) k1 j
€6 - CJ37J47]1>]5>]6J€1 Ck3>k57]27k4>k6>k2 drtx
k1,k2,k3,ka,ks, ke (7.16)

J1,J2,93,J4,J5,76
k2,j2 ks js jkaja jksjs gke Jj
X d®?72 d d d”s 75 dve s,

2
— E AL 53 k1 j
€7 - CJl Je J3 ja js k1 C]z ke ka k3 ks k2 d™ 7t x
kiko ks ka,ks ke (7.17)

J1:J2,93,J4,J5,76
% dkz,Jz dks Js3 dk4 Ja dks Js deJG,

2
_ E ST 53 k1 j1
€8 - CJl 73 Ja Js Je k1 C]z k3 ka ks ke k2 d X
k1,k2,k3,ka,ks ke (7.18)

J1,32,33,54,75:J6
% dk2’j2 dks J3 dk4 Ja dks Js dksje,

2
_ E SN A ) k1 j1
€9 - OJI Ja Ja Js Je k1 Chs ka J2 ks ke ka2 d X
k1,k2,ks,ka,ks5,ke (7.19)

J1,J2,93,J4,J5,76
X deij dks Js dk4j4 dks Js dksjs,

2
— oS k1 j1
€10 - § : OJI J2 J3 ja Js Je Chky ke k3 k2 ka ks d X
k1,k2,k3,ka,ks, ke (7.20)

J1,92:J3:J4,75,J6
% deij dks Js dk4j4 dks Js dksjs

It turns out that e in (7.12) vanishes, i. e we have the equality

82:0.
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Using (7.11), (7.13), (7.14), (7.15), (7.16),(7.17), (7.18), (7.19), (7.20), one can
derive explicit formulas for £; and for the quantities from e3 through £19. For
instance, in the case of the quantity €5 we have

e5 =12 A1111 (Ar122)" Az222 — 6 (A1111)° (A2222) % (Ar122)® —
—12 Ay111 (A1122)® (A1222)% — 6 (A1112)* (A2220)? —
— 24 A1111 A1112 Aroos (A1122) % Azaza + 24 (A1112) ® Arazo A1122 Aggon +
+24 Aj111 Arie (A1222)® Aviog + 12 Ag111 (A2902)? Ajioe A1112)? + (7.21)
+12 A1111)” A2az2 Ar122 (A1222) % — 24 (A1122)” (A1112)* (A1222) % —
— 12 (A1122)® (A1112)® Az22 — 12 A1111 (A1112)? (A1222)® Agons —
— 6 (A1111)? (A1222)" — 6 (A1122) % + 24 A1112 A1g2o (A1122) .

Fortunately there is no need to calculate the rest of the quantities €1, ..., &10.
They are expressed as linear combinations of (7.10) and (7.21):

€1 = €5, €3 = 2es,
€4 = —€s, €6 = —€o + 3¢5,
(7.22)
€7 = €5, €8 = —2¢s,
89:255, €10 = —€o +4es.
There is a formula similar to (7.22) for the parameter Iy:
1 11
Iy = 3 €0+ > €5. (7.23)
It turns out that £y and &5 are expressed through 82 and ~2:
1.4 1 4 1,
=-0°—-= = ——7= 7.24
co=70"=37% & =57 (7.24)
Substituting (7.24) into (7.23), we derive
1 3
Ip=—-8%—>42 7.25
0 ] ﬁ 4 T ( )

where 5 and « are given by (6.5) and (7.4). The equality (7.25) shows that Iy is
a pseudoscalar object of the weight 12 unlike I, Is, I3, Iy, Is, I, I7, I, which
are just certain components of pseudotensorial objects. The equality (7.25) is not
surprising since 3 and v are two basic invariants of a quartic form (see [9]).

8. CONCLUSIONS.

The main result of the present paper consists in revealing the tensorial nature
of the parameters Iy, I, I3, 14, I5, I, I7, Is in Dickson’s and Rees’s positivity test
for quartic forms. This result is expressed by the formulas (6.2), (6.4), (6.9), and
(6.10). It can be further generalized to trivariate quartic forms and to quartic forms
with greater number of variables. As for the tensorial nature of the parameter I
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expressed through the formulas (7.25), (6.5) and (7.4), it is a classical result known
probably since Issai Schur, F. Franklin, J. J. Sylvester, and David Hilbert.

[ed]
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