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A NOTE ON METRIC CONNECTIONS

FOR CHIRAL AND DIRAC SPINORS.

R. A. Sharipov

Abstract. It is known that the bundle of Dirac spinors is produced as a direct sum
of two bundles — the bundle of chiral spinors and its Hermitian conjugate bundle.
In this paper some aspects of metric connections for chiral and Dirac spinors are
resumed and their relation is studied.

1. Chiral spinors.

The construction of two-component Weyl spinors, they are also called chiral
spinors, is based on the following well-known group homomorphism

ϕ : SL(2, C)→ SO+(1, 3, R). (1.1)

The homomorphism (1.1) is defined through the formula

S · σm ·S
† =

3∑

k=0

Sk
m σk, (1.2)

where σ1, σ2, σ3 are Pauli matrices complemented with the unit matrix σ0:

σ0 =

∥
∥
∥
∥

1 0
0 1

∥
∥
∥
∥

, σ2 =

∥
∥
∥
∥

0 −i
i 0

∥
∥
∥
∥

,

(1.3)

σ1 =

∥
∥
∥
∥

0 1
1 0

∥
∥
∥
∥

, σ3 =

∥
∥
∥
∥

1 0
0 −1

∥
∥
∥
∥

.

By means of (1.2) and (1.3) each matrix S ∈ SL(2, C) is associated with some
matrix S ∈ SO+(1, 3, R) so that we can write S = ϕ(S), see [1], [2], and [3] for
detailed description of this construction.

Let M be a space-time manifold, i. e. a four-dimensional orientable manifold
equipped with a pseudo-Euclidean Minkowski-type metric g and carrying a special
smooth geometric structure which is called a polarization. Once some polarization
is fixed, one can distinguish the Future light cone from the Past light cone at each
point p ∈M (see [4] for more details). A moving frame (U, Υ0, Υ1, Υ2, Υ3) of the
tangent bundle TM is an ordered set of four smooth vector fields Υ0, Υ1, Υ2, Υ3

which are defined and R-linearly independent at each point p of some open subset
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2 R. A. SHARIPOV

U ⊂M . This moving frame is called a positively polarized right orthonormal frame

if the following conditions are fulfilled:

(1) the value of the first vector filed Υ0 at each point p ∈ U belongs to the interior
of the Future light cone determined by the polarization of M ;

(2) it is a right frame in the sense of the orientation of M ;
(3) the metric tensor g is given by the standard Minkowski matrix in this frame:

gij = g(Υi,Υj) =

∥
∥
∥
∥
∥
∥
∥

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

∥
∥
∥
∥
∥
∥
∥

.

Apart from positively polarized right orthonormal frames, below we shall consider
the following three special types of frames in TM :

— positively polarized left orthonormal frames;
— negatively polarized right orthonormal frames;
— negatively polarized left orthonormal frames.

The definitions of these types of frames are easily obtained by alternating the above
condition (1) and (2) with the opposite ones.

Let (U, Υ0, Υ1, Υ2, Υ3) and (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) be arbitrary two frames of

the tangent bundle TM such that U ∩ Ũ 6= ∅. Then at each point p ∈ U ∩ Ũ we
can write the following relationships for their frame vectors:

Υ̃i =

3∑

j=0

Sj
i Υj , Υi =

3∑

j=0

T j
i Υ̃j . (1.4)

The relationships (1.4) are called transition formulas, while the coefficients Sj
i and

T j
i in them are the components of two mutually inverse transition matrices S and

T = S−1. If both frames (U, Υ0, Υ1, Υ2, Υ3) and (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) are pos-
itively polarized right orthonormal frames, then the transition matrices S and T
both are orthochronous Lorentzian matrices with detS = 1 and detT = 1. Such
matrices form the special orthochronous matrix Lorentz group SO+(1, 3, R).

Assume that SM is a two-dimensional smooth complex vector bundle over the
space-time M equipped with a non-vanishing skew-symmetric bilinear form d at
each point p ∈M . This bilinear form d is called the spin-metric tensor. A moving
frame (U, Ψ1, Ψ2) of SM is an ordered set of two smooth sections Ψ1 and Ψ2 over
some open subset U ⊂ M which are C-linearly independent at each point p ∈ U .
A moving frame (U, Ψ1, Ψ2) is called an orthonormal frame if

dij = d(Ψi,Ψj) =

∥
∥
∥
∥

0 1

−1 0

∥
∥
∥
∥

, (1.5)

i. e. if the spin-metric tensor d is given by the skew-symmetric matrix (1.5) in this

frame. For two arbitrary frames (U, Ψ1, Ψ2) and (Ũ , Ψ̃1, Ψ̃2) of the bundle SM

with overlapping domains U∩Ũ 6= ∅ we can write the following transition formulas:

Ψ̃i =

2∑

j=1

S
j
i Ψj , Ψi =

2∑

j=1

T
j
i Ψ̃j . (1.6)
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Like in (1.4), the coefficients S
j
i and T

j
i in (1.6) are the components of two mutually

inverse transition matrices S and T = S−1. If (U, Ψ1, Ψ2) and (Ũ , Ψ̃1, Ψ̃2) are
two orthonormal frames, then both matrices S and T in (1.6) belong to the special
linear matrix group SL(2, C).

Definition 1.1. A two-dimensional complex vector bundle SM over the space-
time manifold M equipped with a nonzero spin-metric d is called a spinor bundle

if each orthonormal frame (U, Ψ1, Ψ2) of SM is associated with some positively
polarized right orthonormal frame (U, Υ0, Υ1, Υ2, Υ3) of the tangent bundle TM

such that for any two orthonormal frames (U, Ψ1, Ψ2) and (Ũ , Ψ̃1, Ψ̃2) with over-

lapping domains U ∩ Ũ 6= ∅ the associated tangent frames (U, Υ0, Υ1, Υ2, Υ3)

and (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) are related to each other by means of the formulas (1.4),
where the transition matrices S and T are obtained from the transition matrices S

and T in (1.6) by applying the homomorphism (1.1), i. e. S = ϕ(S) and T = ϕ(T).

The definition 1.1 reflects the basic feature of all spinor bundles. They are closely
related to tangent bundle and this relation is implemented through associated frame
pairs of some definite types.

2. Tensorial and spin-tensorial fields.

Tensorial an spin-tensorial fields are introduced in a standard way as described
in [3], [5], [6], and many other papers. First of all we introduce the complexified
tangent and cotangent bundles CTM and CT ∗M :

CTp(M) = C⊗ Tp(M), CT ∗

p (M) = C⊗ T ∗

p (M). (2.1)

The complex bundles (2.1) are obviously dual to each other. Then we introduce
the conjugate and Hermitian conjugate bundles for the spinor bundle SM :

S∗M, S†M, S∗†M = S†∗M. (2.2)

Using (2.1) and (2.2), we define the following tensor products:

CT m
n M =

m times
︷ ︸︸ ︷

CTM ⊗ . . .⊗ CTM ⊗CT ∗M ⊗ . . .⊗ CT ∗M
︸ ︷︷ ︸

n times

, (2.3)

Sα
β M =

α times
︷ ︸︸ ︷

SM ⊗ . . .⊗ SM ⊗S∗M ⊗ . . .⊗ S∗M
︸ ︷︷ ︸

β times

, (2.4)

S̄ν
γM =

ν times
︷ ︸︸ ︷

S†∗M ⊗ . . .⊗ S†∗M ⊗S†M)⊗ . . .⊗ S†M
︸ ︷︷ ︸

γ times

. (2.5)

Note that (2.3) is the complexified tensor bundle of the type (m, n), (2.4) is the spin-

tensorial bundle of the type (α, β), and (2.5) is the barred spin-tensorial bundle of the

type (ν, γ). Combining these three bundles, we define the following spin-tensorial
bundle of the mixed type (α, β|ν, γ|m, n):

Sα
β S̄ν

γT m
n M = Sα

β M ⊗ S̄ν
γM ⊗ CT m

n M. (2.6)
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Smooth sections of the bundle (2.6) are called spin-tensorial fields of the type
(α, β|ν, γ|m, n). The metric tensor g of the base space-time manifold M now is
interpreted as a spin-tensorial field of the type (0, 0|0, 0|0, 2), while the spin-metric
tensor d is a spin-tensorial field of the type (0, 2|0, 0|0, 0).

Note that an arbitrary spin-tensorial field of the type (0, 0|0, 0|0, 2) is a complex
field, while g is a real field. Therefore, we have

g = τ(g), (2.7)

where τ is the semilinear involution of complex conjugation:

τ
−−−−→Sα

β S̄ν
γT m

n M Sν
γ S̄α

β T m
n M.←−−−−

τ
(2.8)

Both mappings (2.8) are denoted by the same symbol, hence, formally we have the
involution identity τ2 = τ ◦ τ = id. More detailed description of the involution τ
can be found in [3] and [6].

A coordinate description of spin-tensorial fields is obtained in terms of frame
pairs. Let (U, Υ0, Υ1, Υ2, Υ3) be an arbitrary frame of the tangent bundle TM
and let (U, Ψ1, Ψ2) be an arbitrary frame of the spinor bundle SM . Denote by
(U, η0, η1, η2, η3) and (U, ϑ 1, ϑ 2) the dual frames for (U, Υ0, Υ1, Υ2, Υ3) and
(U, Ψ1, Ψ2) respectively. Then let’s denote

Ψi = τ(Ψi), ϑ i = τ(ϑ i). (2.9)

The barred spinor fields in (2.9) compose two frames (U, Ψ1, Ψ2) and (U, ϑ 1, ϑ 2)
in S†M and S∗†M respectively. Now, according to the formulas (2.3), (2.4), and
(2.5), we define the following tensor products:

Υk1... kn

h1... hm
= Υh1

⊗ . . .⊗Υhm
⊗ ηk1 ⊗ . . .⊗ ηkn , (2.10)

Ψ
j1... jβ

i1... iα
= Ψi1 ⊗ . . .⊗Ψiα

⊗ ϑ j1 ⊗ . . .⊗ ϑ jβ , (2.11)

Ψ
j̄1... j̄γ

ī1... īν
= Ψī1 ⊗ . . .⊗Ψīν

⊗ ϑ
j1
⊗ . . .⊗ ϑ

jγ
. (2.12)

And finally, according to (2.6), from (2.10), (2.11), and (2.12) we produce

Ψ
j1... jβ j̄1... j̄γ k1... kn

i1... iα ī1... īν h1... hm
= Ψ

j1... jβ

i1... iα
⊗Ψ

j̄1... j̄γ

ī1... īν
⊗Υk1... kn

h1... hm
. (2.13)

Using (2.13), for any spin-tensorial field of the type (α, β|ν, γ|m, n) we write

X =

2∑

...

2∑

i1, ... , iα

j1, ... , jβ

2∑

...

2∑

ī1, ... , īν

j̄1, ... , j̄γ

3∑

...

3∑

h1, ... , hm

k1, ... , kn

X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
Ψ

j1... jβ j̄1... j̄γ k1... kn

i1... iα ī1... īν h1... hm
. (2.14)

Since all of the above frames (U, η0, η1, η2, η3), (U, ϑ 1, ϑ 2), (U, Ψ1, Ψ2), and

(U, ϑ 1, ϑ 2) and their tensor products (2.10), (2.11), (2.12), and (2.13) are pro-
duced from two initial frames (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2), the coeffi-

cients X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
in (2.14) are called the coordinate representation of the
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field X in the frame pair (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2). When passing

from this frame pair to another frame pair (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) and (Ũ , Ψ̃1, Ψ̃2)
these coefficients are transformed as follows:

X̃ i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
=

4∑

...

4∑

a1, ... , aα

b1, ... , bβ

4∑

...

4∑

ā1, ... , āν

b̄1, ... , b̄γ

3∑

...

3∑

c1, ... , cm

d1, ... , dn

T̂
i1
a1

. . . T̂
iα
aα
×

× Ŝ
b1
j1

. . . Ŝ
bβ

jβ
T̂

ī1
ā1

. . . T̂
īν
āν

Ŝ
b̄1
j̄1

. . . Ŝ
b̄γ

j̄γ
T h1

c1
. . . T hm

cm
×

× S d1

k1
. . . S dn

kn
X a1... aα ā1... āν c1... cm

b1... bβ b̄1... b̄γ d1... dn
,

(2.15)

X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
=

4∑

...

4∑

a1, ... , aα

b1, ... , bβ

4∑

...

4∑

ā1, ... , āν

b̄1, ... , b̄γ

3∑

...

3∑

c1, ... , cm

d1, ... , dn

Ŝ
i1
a1

. . . Ŝ
iα
aα
×

× T̂
b1
j1

. . . T̂
bβ

jβ
Ŝ

ī1
ā1

. . . Ŝ
īν
āν

T̂
b̄1
j̄1

. . . T̂
b̄γ

j̄γ
Sh1

c1
. . . Shm

cm
×

× T d1

k1
. . . T dn

kn
X̃ a1... aα ā1... āν c1... cm

b1... bβ b̄1... b̄γ d1... dn
.

(2.16)

The formulas (2.15) and (2.16) express the general transformation rules for the
components of a chiral spin-tensorial field under a change of frame pairs. The
matrices S, T, S, and T in them are taken from (1.4) and (1.6).

Note that (U, Υ0, Υ1, Υ2, Υ3) and (U, η0, η1, η2, η3) are real frames. They
are invariant under the action of the semilinear involution τ :

τ(Υi) = Υi, τ(ηi) = ηi. (2.17)

Applying τ to (2.14) and taking into account (2.9) and (2.17), we obtain

τ(X) =

2∑

...

2∑

i1, ... , iν

j1, ... , jγ

ī1, ... , īα

j̄1, ... , j̄β

3∑

...

3∑

h1, ... , hm

k1, ... , kn

τX i1... iν ī1... īα h1... hm

j1... jγ j̄1... j̄β k1... kn
Ψ

j1... jγ j̄1... j̄β k1... kn

i1... iν ī1... īα h1... hm
, (2.18)

where

τX i1... iν ī1... īα h1... hm

j1... jγ j̄1... j̄β k1... kn
= X ī1... īα i1... iν h1... hm

j̄1... j̄β j1... jγ k1... kn
. (2.19)

Note that the formulas (2.18) and (2.19) are in agreement with (2.8). They mean
that the involution τ acts upon the components of spin-tensorial fields as the com-
plex conjugation exchanging barred and non-barred spinor indices.

3. Basic spin-tensorial fields of chiral spinors.

The metric tensor g is the basic field for both chiral and Dirac spinors. As it
was already mentioned above, g is interpreted as a spin-tensorial field of the type
(0, 0|0, 0|0, 2) satisfying the reality condition (2.7). Apart from g, in the theory



6 R. A. SHARIPOV

of chiral spinors there are two other basic spin-tensorial fields. The first of them
is the spin-metric tensor d. It is a field of the type (0, 2|0, 0|0, 0). In canonically
associated frame pairs (see definition 1.1) its components are given by the matrix
(1.5). The second basic spin tensorial field in the theory of chiral spinors is denoted

by G. It is called the Infeld-van der Waerden field, its components Giī
q are called

the Infeld-van der Waerden symbols. In canonically associated frame pairs the
Infeld-van der Waerden symbols are given explicitly by the formulas

G11
0 = 1, G11

1 = 0, G11
2 = 0, G11

3 = 1,

G12
0 = 0, G12

1 = 1, G12
2 = −i, G12

3 = 0,
(3.1)

G21
0 = 0, G21

1 = 1, G21
2 = i, G21

3 = 0,

G22
0 = 1, G22

1 = 0, G22
2 = 0, G22

3 = −1.

These formulas (3.1) are derived from (1.3) due to the formula (1.2). The Infeld-van
der Waerden field is a spin-tensorial field of the type (1, 0|1, 0|0, 1).

Applying the index lowering and index raising procedures to the Infeld-van der
Waerden symbols (3.1) we get the inverse1 Infeld-van der Waerden symbols:

G q

iī
=

2∑

j=1

2∑

j̄=1

3∑

k=0

Gj j̄
k gkq dji d̄j̄ī. (3.2)

The inverse Infeld-van der Waerden given by the formula (3.2) are the components
of a spin-tensorial field of the type (0, 1|0, 1|1, 0), it is denoted by the same symbol
G as the initial Infeld-van der Waerden field. Here are the numeric values of the
inverse Infeld-van der Waerden symbols:

G 0
11 = 1, G 0

12 = 0, G 0
21 = 0, G 0

22 = 1,

G 1
11 = 0, G 1

12 = 1, G 1
21 = 1, G 1

22 = 0,
(3.3)

G 2
11 = 0, G 2

12 = i, G 2
21 = −i, G 2

22 = 0,

G 3
11 = 1, G 3

12 = 0, G 3
21 = 0, G 3

22 = −1.

The barred spin-metric tensor d̄ is derived from d by applying τ :

d̄ = τ(d). (3.4)

It is a spin-tensorial field of the type (0, 0|0, 2|0, 0). The components of the field
(3.4) in (3.2) are derived by means of the formula

d̄j̄ī = dj̄ī. (3.5)

This formula (3.5) is a special case of the general formula (2.19). In the case of the

1 Note that the definition (3.2) of the inverse Infeld-van der Waerden symbols is different from
that of [3]. Their numeric values (3.3) are also different from (7.9) in [3]. However, they differ
only by the numeric factor 1/2.
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Infeld-van der Waerden field the reality condition for it is given by the formula:

τ(G) = G. (3.6)

Applying (2.19) to (3.6), we get the following equalities:

Giī
q = Gīi

q , G q

iī
= G q

īi
. (3.7)

These equalities (3.7) express the reality condition (3.6) in a coordinate form.
The Infeld-van der Waerden symbols satisfy various identities relating these sym-

bols with the metric and spin-metric tensors:

3∑

p=0

3∑

q=0

gp q G p

iī
G q

j j̄
= 2 dij d̄ īj̄ , (3.8)

2∑

i=1

2∑

j=1

2∑

ī=1

2∑

j̄=1

dij d̄ ī j̄ Giī
p Gj j̄

q = 2 gp q, (3.9)

3∑

p=0

3∑

q=0

gp q Giī
p Gj j̄

q = 2 d ij d̄ īj̄ , (3.10)

2∑

i=1

2∑

j=1

2∑

ī=1

2∑

j̄=1

d ij d̄ ī j̄ G p

iī
G q

j j̄
= 2 gp q. (3.11)

The following equalities are easily derived from (3.8), (3.9), (3.10), and (3.11):

2∑

i=1

2∑

ī=1

Giī
p G q

iī
= 2 δq

p,
3∑

q=0

Giī
q G q

j j̄
= 2 δi

j δī
j̄. (3.12)

The equalities (3.8), (3.9), (3.10), (3.11), and (3.12) here are slightly different from
(7.14), (7.15), (7.16), (7.17), and (7.13) in [3] since the quantities G q

iī
here differ

from those of [3] by the numeric factor 1/2. The components of the dual spin-metric
tensors in (3.10) and (3.11) are given by the matrices inverse to dij and d̄īj̄ :

2∑

q=1

diq d qj = δ j
i ,

2∑

q̄=1

d̄ī q̄ d̄ q̄j̄ = δ j̄

ī
.

The identities (3.8), (3.9), (3.10), (3.11) are easily derived in canonically associated
frame pairs (see definition 1.1). However, due to the spin-tensorial nature of the
quantities in them they remain valid for arbitrary two frames of TM and SM .

4. Metric connections for chiral spinors.

Let (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2) be two frames with a common do-

main U of the bundles TM and SM respectively. Let (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) and

(Ũ , Ψ̃1, Ψ̃2) be other two such frames. Assume that U∩Ũ 6= ∅. Then at each point

p of the intersection U ∩ Ũ one can write the transition formulas (1.4) and (1.6).
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Assume that the domains U and Ũ are small enough so that one can introduce
local coordinates x0, x1, x2, x3 and x̃0, x̃1, x̃2, x̃3 in them. Then, apart from the
frames (U, Υ0, Υ1, Υ2, Υ3) and (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3), which are non-holonomic
in general case, we have two holonomic coordinate frames (U, E0, E1, E2, E3) and

(U, Ẽ0, Ẽ1, Ẽ2, Ẽ3) composed by the vector fields

Ei =
∂

∂xi
, Ẽi =

∂

∂x̃i
. (4.1)

Taking the expansions of Υi and Υ̃i in these holonomic frames

Υi =

3∑

j=0

Υj
i Ej , Υ̃i =

3∑

j=0

Υ̃j
i Ẽj , (4.2)

due to (4.1) and (4.2) we can represent Υi and Υ̃i as linear differential operators

Υi = Υ0
i

∂

∂x0
+ Υ1

i

∂

∂x1
+ Υ2

i

∂

∂x2
+ Υ3

i

∂

∂x3
, (4.3)

Υ̃i = Υ̃0
i

∂

∂x̃0
+ Υ̃1

i

∂

∂x̃1
+ Υ̃2

i

∂

∂x̃2
+ Υ̃3

i

∂

∂x̃3
. (4.4)

Applying the differential operators (4.3) and (4.4) to a smooth scalar function f ,
we denote the resulting functions as the Lie derivatives:

LΥi
(f) =

3∑

j=0

Υj
i

∂f

∂xi
, L

Υ̃i
(f) =

3∑

j=0

Υ̃j
i

∂f

∂x̃i
. (4.5)

Note that the components of the transition matrices S, T , S, T from (1.4) and (1.6)

are smooth functions within the intersection domain U ∩ Ũ . Therefore, one can
substitute them for f into (4.5). As a result we can define the following functions:

θ̃k
ij =

3∑

a=0

T k
a L

Υ̃i
(Sa

j ) = −

3∑

a=0

L
Υ̃i

(T k
a )Sa

j , (4.6)

ϑ̃k
ij =

2∑

a=1

T
k
a L

Υ̃i
(Sa

j ) = −

2∑

a=1

L
Υ̃i

(Tk
a)S

a
j , (4.7)

θk
ij =

3∑

a=0

Sk
a LΥi

(T a
j ) = −

3∑

a=0

LΥi
(Sk

a)T a
j , (4.8)

ϑk
ij =

2∑

a=1

S
k
a LΥi

(Ta
j ) = −

2∑

a=1

LΥi
(Sk

a)T
a
j . (4.9)

The θ-parameters with and without tilde introduced by the above formulas (4.6),
(4.7), (4.8), (4.9) are related to each other through the following formulas:

θk
ij = −

3∑

a=0

3∑

b=0

3∑

c=0

T a
i θ̃ c

ab Sk
c T b

j , (4.10)
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θ̃k
ij = −

3∑

a=0

3∑

b=0

3∑

c=0

Sa
i θ c

ab T k
c Sb

j , (4.11)

ϑk
ij = −

3∑

a=0

2∑

b=1

2∑

c=1

T a
i ϑ̃ c

ab S
k
c T

b
j, (4.12)

ϑ̃k
ij = −

3∑

a=0

2∑

b=1

2∑

c=1

Sa
i ϑ c

ab T
k
c S

b
j . (4.13)

In general case θk
ij and θ̃k

ij are asymmetric in their lower indices and the extent of
this asymmetry is characterized by the formulas

θk
ij − θk

j i = ck
ij , θ̃k

ij − θ̃k
j i = c̃k

ij , (4.14)

where ck
ij and c̃k

ij are defined by the following commutator relationships:

[Υi, Υj ] =

3∑

k=0

c k
ij Υk, [Υ̃i, Υ̃j ] =

3∑

k=0

c̃ k
ij Υ̃k. (4.15)

The quantities c k
ij and c̃ k

ij in (4.14) and (4.15) are similar to structural constants of
Lie algebras. For this reason they are called the structural constants of the frames
(U, Υ0, Υ1, Υ2, Υ3) and (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3), though actually they are not con-

stants, but smooth real-valued functions within the domains U and Ũ respectively.
As for the identities (4.10), (4.11), (4.12), and (4.13), they are easily derived from
(4.6), (4.7), (4.8), and (4.9) due to (4.5).

Definition 4.1. A spinor connection of the bundle of chiral spinors SM is a geo-
metric object such that in each frame pair (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2)
of TM and SM it is given by three arrays of smooth complex-valued functions

Γk
ij = Γk

ij(p), i, j, k = 0, . . . , 3,

Ak
ij = Ak

ij(p), i = 0, . . . , 3, j, k = 1, 2,

Āk
ij = Āk

ij(p), i = 0, . . . , 3, j, k = 1, 2,

where p ∈ U , such that when passing from (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2)

to some other frame pair (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) and (Ũ , Ψ̃1, Ψ̃2) with U ∩ Ũ 6= ∅

these functions are transformed as follows:

Γk
ij =

3∑

b=0

3∑

a=0

3∑

c=0

Sk
a T b

j T c
i Γ̃a

c b + θk
ij , (4.16)

Ak
ij =

2∑

b=1

2∑

a=1

3∑

c=0

S
k
a T

b
j T c

i Ãa
c b + ϑk

ij , (4.17)

Āk
ij =

2∑

b=1

2∑

a=1

3∑

c=0

Sk
a Tb

j T c
i

˜̄Aa
c b + ϑk

ij . (4.18)
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The components of transition matrices S, T , S, and T in (4.16), (4.17), and
(4.18) are taken from (1.4) and (1.6), while the quantities θk

ij and ϑk
ij are defined in

(4.8) and (4.9). Spinor connections introduced by the definition 4.1 are used in order
to define covariant differentiations acting upon spin-tensorial fields and producing
other spin-tensorial fields from them. The covariant differential ∇ associated with
the spinor connection (Γ, A, Ā) is a differential operator

∇ : Sα
β S̄ν

γT m
n M → Sα

β S̄ν
γT m

n+1M. (4.19)

In a frame pair (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2), i. e. in a coordinate form,
the operator (4.19) is represented by the corresponding covariant derivative

∇kn+1
X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
= LΥkn+1

(
X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn

)
−

+

α∑

µ=1

2∑

vµ=1

A
iµ

kn+1 vµ
X

i1... vµ ... iε ī1... īν h1... hm

j1... ... ... jβ j̄1... j̄γ k1... kn
−

−

β
∑

µ=1

2∑

wµ=1

A
wµ

kn+1 jµ
X i1... ... ... iα ī1... īνh1... hm

j1... wµ ... jβ j̄1... j̄γk1... kn
+

+

ν∑

µ=1

2∑

vµ=1

Ā
īµ

kn+1 vµ
X

i1... iα ī1... vµ ... īν h1... hm

j1... jβ j̄1... ... ... j̄γ k1... kn
−

−

γ
∑

µ=1

2∑

wµ=1

Ā
wµ

kn+1 j̄µ
X i1... iα ī1... ... ... īν h1... hm

j1... jβ j̄1... wµ ... j̄γ k1... kn
+

+

m∑

µ=1

3∑

vµ=0

Γ
hµ

kn+1 vµ
X

i1... iα ī1... īν h1... vµ ... hm

j1... jβ j̄1... j̄γ k1... ... ... kn
−

−

n∑

µ=1

3∑

wµ=0

Γ
wµ

kn+1 kµ
X i1... iα ī1... īν h1... ... ... hm

j1... jβ j̄1... j̄γ k1... wµ ... kn
.

(4.20)

The formula (4.20) should be understood in the following way. If X is a spin-

tensorial field of the type (α, β|ν, γ|m, n) and X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
is its coordinate

representation in the expansion (2.14), then for the spin-tensorial field Y = ∇X its
coordinate representation is given by the formula

Y i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn+1
= ∇kn+1

X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
.

Definition 4.2. A spinor connection (Γ, A, Ā) of the bundle of chiral spinors SM
is called concordant with the complex conjugation if the corresponding covariant
differential (4.19) commute with the involution τ , i. e. if ∇(τ(X)) = τ(∇X) for
any spin-tensorial field X.

Spinor connections concordant with the complex conjugation τ in the sense of
the above definition 4.2 are also called real connections.
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Theorem 4.1. A spinor connection (Γ, A, Ā) of the bundle of chiral spinors SM
is concordant with the complex conjugation τ if and only if

Γk
ij = Γk

ij , Āk
ij = Ak

ij . (4.21)

The theorem 4.1 is proved by direct calculations on the base of the formula
(4.20). The first relationship in (4.21) means that Γ-components of a real spinor
connection are real functions. They obey the transformation rules (4.16) coinciding
with the transformation rules for the components of an affine connection.

Corollary 4.1. Any real spinor connection (Γ, A, Ā) of the bundle of chiral spinors

SM comprises some affine connection Γ as its constituent part.

Definition 4.3. A spinor connection (Γ, A, Ā) of the bundle of chiral spinors SM
is called concordant with the Infeld-van der Waerden field if ∇G = 0.

Definition 4.4. A spinor connection (Γ, A, Ā) of the bundle of chiral spinors SM
is called concordant with the spin-metric tensor if ∇d = 0.

Definition 4.5. A spinor connection (Γ, A, Ā) of the bundle of chiral spinors SM
is called concordant with the metric tensor if ∇g = 0.

Theorem 4.2. Any real spinor connection (Γ, A, Ā) of the bundle of chiral spinors

SM concordant with the Infeld-van der Waerden field G and with the spin-metric

tensor d is concordant with the metric tensor g too, i. e. for a real spinor connection

∇G = 0 and ∇d = 0 imply ∇g = 0.

Proof. Since (Γ, A, Ā) is real, from ∇d = 0 we easily derive that ∇d̄ = 0:

∇d̄ = ∇(τ(d)) = τ(∇d) = 0.

Then we apply ∇r to the identity (3.9). As a result we get

2∇rgp q =

2∑

i=1

2∑

j=1

2∑

ī=1

2∑

j̄=1

(

∇rdij d̄ ī j̄ Giī
p Gj j̄

q + dij ∇rd̄ ī j̄ ×

×Giī
p Gj j̄

q + dij d̄ ī j̄ ∇rG
iī
p Gj j̄

q + dij d̄ īj̄ Giī
p ∇rG

j j̄
q

)

= 0.

(4.22)

The identity (4.22) means that ∇g = 0. Thus, the theorem 4.2 is proved. �

The concordance condition∇g = 0 is well-known. Since g is a spin-tensorial field
of the type (0, 0|0, 0|0, 2), this condition is written in terms of the Γ-components of
a spinor connection only. Applying the formula (4.20) to ∇rgij , we get

LΥr
(gij)−

3∑

s=0

Γs
ri gsj −

3∑

s=0

Γs
rj gis = 0. (4.23)

In general non-holonomic frame (U, Υ0, Υ1, Υ2, Υ3) the Γ-components of a spinor
connection are not symmetric. Therefore we subdivide Γk

rs into symmetric a skew-

symmetric parts Γ̂k
rs and Γ̌k

rs respectively:

Γk
rs = Γ̂k

rs + Γ̌k
rs. (4.24)
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Lowering the upper index k of Γk
rs, Γ̂k

rs, and Γ̌k
rs, we define the following quantities:

Γrsq =
3∑

k=0

Γk
rs gkq, Γ̂rsq =

3∑

k=0

Γ̂k
rs gkq, Γ̌rsq =

3∑

k=0

Γ̌k
rs gkq. (4.25)

From (4.24) we derive the analogous expansion of Γrsq into two parts

Γrsq = Γ̂rsq + Γ̌rsq, (4.26)

where Γ̂rsq = Γ̂srq and Γ̌rsq = −Γ̌srq. Applying (4.25) and (4.26) to (4.23), we get

Γ̂rij + Γ̂rji = LΥr
(gij)− Γ̌rij − Γ̌rji. (4.27)

By means of the cyclic transposition of indices from (4.27) we derive

Γ̂ijr + Γ̂irj = LΥi
(gjr)− Γ̌ijr − Γ̌irj , (4.28)

Γ̂jri + Γ̂jir = LΥj
(gri)− Γ̌jri − Γ̌jir . (4.29)

Now let’s add (4.28) and (4.29), then subtract (4.27) from the sum. As a result,

taking into account the symmetry of Γ̂ and the skew-symmetry of Γ̌, we get

Γ̂ijr =
LΥi

(gjr) + LΥj
(gri)− LΥr

(gij)

2
− Γ̌irj − Γ̌jri. (4.30)

Now, raising the lower index r in (4.30), we obtain the explicit formula for the sym-
metric part of the Γ-symbols expressing them through the Lie derivatives LΥi

(gjr),
LΥj

(gri), LΥr
(gij) and through the skew-symmetric part of these Γ-symbols:

Γ̂k
ij =

3∑

r=0

gkr

2

(
LΥi

(gjr) + LΥj
(gri)− LΥr

(gij)
)
−

−

3∑

r=0

3∑

s=0

Γ̌s
ir gkr gsj −

3∑

r=0

3∑

s=0

Γ̌s
jr gkr gsi.

(4.31)

From (4.31) and (4.24) for the Γ-symbols themselves we derive

Γk
ij =

3∑

r=0

gkr

2

(
LΥi

(gjr) + LΥj
(gri)− LΥr

(gij)
)
+

+ Γ̌k
ij −

3∑

r=0

3∑

s=0

Γ̌s
ir gkr gsj −

3∑

r=0

3∑

s=0

Γ̌s
jr gkr gsi.

(4.32)

Note that the skew-symmetric part of the Γ-symbols is determined by the torsion

tensor T (see [5]) and by the structural constants c k
ij (see their definition (4.15)):

Γ̌k
ij =

T k
ij − c k

ij

2
. (4.33)
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Substituting (4.33) into (4.32), we derive the ultimate formula for Γk
ij :

Γk
ij =

3∑

r=0

gkr

2

(
LΥi

(gjr) + LΥj
(gri)− LΥr

(gij)
)
−

−
c k
ij

2
+

3∑

r=0

3∑

s=0

gkr c s
ir

2
gsj +

3∑

r=0

3∑

s=0

gkr
c s
jr

2
gsi +

+
T k

ij

2
−

3∑

r=0

3∑

s=0

gkr T s
ir

2
gsj −

3∑

r=0

3∑

s=0

gkr
T s

jr

2
gsi.

(4.34)

Definition 4.6. A real spinor connection (Γ, A, Ā) of the bundle of chiral spinors
SM is called a metric connection, if it is concordant 1) with the spin-metric tensor
d, 2) with the Infeld-van der Waerden field G, and 3) with the metric tensor d.

The theorem 4.2 says that the conditions 1) and 2) are sufficient for a real spinor
connection (Γ, A, Ā) to be a metric connection. The Einstein’s theory of gravity,
which is also called the General Relativity, is a theory without torsion, i. e. the
torsion tensor T is taken to be zero in it: T = 0. Then (4.34) reduces to

Γk
ij =

3∑

r=0

gkr

2

(
LΥi

(gjr) + LΥj
(gri)− LΥr

(gij)
)
−

−
c k
ij

2
+

3∑

r=0

3∑

s=0

gkr c s
ir

2
gsj +

3∑

r=0

3∑

s=0

gkr
c s
jr

2
gsi.

(4.35)

According to the corollary 4.1, the Γ-components of a real metric spinor connection
in General Relativity are the components of the Levi-Civita connection for the
metric g and (4.35) is a frame version of the well-known formula

Γk
ij =

3∑

r=0

gkr

2

(
∂gjr

∂xi
+

∂gri

∂xj
−

∂gij

∂xr

)

.

The above calculations leading to the formula (4.35) are standard. They are similar
to those performed in section 3 of [7].

Now let’s study the concordance condition ∇d = 0. In a frame relative coordi-
nate form this condition is written as follows:

∇rdij = LΥr
(dij)−

2∑

s=1

As
ri dsj −

2∑

s=1

As
rj dis = 0. (4.36)

By lowering the upper index s of As
ri we introduce the following quantities:

Arij =

2∑

s=1

As
ri dsj . (4.37)

Then, due to (4.37), the equality (4.36) reduces to the following one:

Arij −Arji = LΥr
(dij). (4.38)



14 R. A. SHARIPOV

The formula (4.38) means that the skew-symmetric part of Arij is determined by
the Lie derivative LΥr

(dij) so that we can write

Arij = Ârij +
LΥr

(dij)

2
, (4.39)

where Ârij = Ârji. Returning from (4.39) back to the quantities As
ri, we get

As
ri =

2∑

j=1

Ârij djs +

2∑

j=1

LΥr
(dij) djs

2
. (4.40)

Acting in a similar way, from ∇d̄ = 0 we easily derive the formulas

Ārij = ˆ̄Arij +
LΥr

(d̄ij)

2
, (4.41)

Ās
ri =

2∑

j=1

ˆ̄Arij d̄js +

2∑

j=1

LΥr
(d̄ij) d̄js

2
, (4.42)

where ˆ̄Arij = ˆ̄Arji. Thus, we have managed to reduce the concordance conditions
∇d = 0 and ∇d̄ = 0 to the symmetry conditions

Ârij = Ârji,
ˆ̄Arij = ˆ̄Arji (4.43)

and to the formulas (4.40) and (4.42) for the A and Ā-components of a spinor
connection (Γ, A, Ā).

The next step is to study the concordance conditions ∇G = 0. Applying the
formula (4.20) to ∇G = 0, we derive the following equality:

LΥr
(Giī

q ) +

2∑

s=1

Gsī
q Ai

rs +

2∑

s̄=1

Gis̄
q Āī

rs̄ −

3∑

p=0

Giī
p Γp

rq = 0. (4.44)

In order to transform (4.44) we multiply it by G q

jj̄
and sum it over the index q,

meanwhile taking into account the second identity (3.12):

2 Ai
rj δ ī

j̄ + 2 δ i
j Āī

rj̄ =
3∑

p=0

3∑

q=0

Giī
p Γp

rq G q

jj̄
−

3∑

q=0

LΥr
(Giī

q )G q

jj̄
. (4.45)

Then we apply the index lowering procedure to the indices i and ī in (4.45). As a
result, taking into account (4.37), we derive

2 Arji d̄j̄ ī + 2 dji Ārj̄ ī =
2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄̄i Gss̄
p Γp

rq G q

jj̄
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄ī LΥr
(Gss̄

q )G q

jj̄
.

(4.46)
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Substituting (4.39) and (4.41) into (4.46), we derive

2 Ârji d̄j̄ ī + 2 dji
ˆ̄Arj̄ ī =

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄ī Gss̄
p Γp

rq G q

jj̄
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄̄i LΥr
(Gss̄

q )G q

jj̄
− LΥr

(dji) d̄j̄ ī − LΥr
(d̄j̄ ī) dji.

(4.47)

The left hand side of the equality (4.47) is a sum of two terms. The first term
is symmetric in i and j, see (4.43), while the other is skew-symmetric in these
indices. Therefore, if we subdivide the right hand side of (4.47) into symmetric and
skew-symmetric parts, we can write (4.47) as two separate equalities:

Ârji d̄j̄ ī =

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄̄i Gss̄
p Γp

rq G q

jj̄
+ dsj d̄s̄̄i Gss̄

p Γp
rq G q

ij̄

4
−

−
2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄̄i LΥr
(Gss̄

q )G q

jj̄
+ dsj d̄s̄̄i LΥr

(Gss̄
q )G q

ij̄

4
,

(4.48)

dji
ˆ̄Arj̄ ī =

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄̄i Gss̄
p Γp

rq G q

jj̄
− dsj d̄s̄̄i Gss̄

p Γp
rq G q

ij̄

4
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄ī LΥr
(Gss̄

q )G q

jj̄
− dsj d̄s̄ī LΥr

(Gss̄
q )G q

ij̄

4
−

−
LΥr

(dji) d̄j̄ ī + LΥr
(d̄j̄ ī) dji

2
.

(4.49)

In two-dimensional case any equality skew-symmetric in two indices is equivalent
to a scalar equality independent of these two indices. In the case of the equality
(4.49) we can multiply it by dij and sum over the indices i and j. As a result we
obtain the following equality equivalent to (4.49):

ˆ̄Arj̄ ī = −
LΥr

(d̄j̄ ī)

2
+

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

d̄s̄̄i Gss̄
p Γp

rq G q

sj̄

4
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

d̄s̄̄i LΥr
(Gss̄

q )G q

sj̄

4
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij d̄j̄ ī

4
.

(4.50)

By definition the left hand side of (4.50) is symmetric in ī and j̄. Therefore it
should be equal to the symmetric part of the right hand side

ˆ̄Arj̄ ī =
2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

d̄s̄ī Gss̄
p Γp

rq G q

sj̄
+ d̄s̄j̄ Gss̄

p Γp
rq G q

s̄i

8
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

d̄s̄ī LΥr
(Gss̄

q )G q

sj̄
+ d̄s̄j̄ LΥr

(Gss̄
q )G q

s̄i

8
,

(4.51)
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while the skew-symmetric part of the right hand side of (4.50) should be zero:

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

d̄s̄̄i Gss̄
p Γp

rq G q

sj̄
− d̄s̄j̄ Gss̄

p Γp
rq G q

s̄i

8
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

d̄s̄ī LΥr
(Gss̄

q )G q

sj̄
− d̄s̄j̄ LΥr

(Gss̄
q )G q

s̄i

8
−

−
LΥr

(d̄j̄ ī)

2
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij d̄j̄ ī

4
= 0.

(4.52)

Again, using the feature of the two-dimensional case, we can reduce (4.52) to an

equality independent of ī and j̄. For this purpose let’s multiply it by d̄ īj̄ and sum
over the indices ī and j̄. As a result we get

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

Gss̄
p Γp

rq G q
ss̄

4
−

2∑

s=1

2∑

s̄=1

3∑

q=0

LΥr
(Gss̄

q )G q
ss̄

4
−

−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄

2
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij

2
= 0.

(4.53)

Taking into account the first identity (3.12) and the formula (3.2), we can transform
the equality (4.53) to a more symmetric form:

3∑

p=0

Γp
rp

2
−

2∑

s=1

2∑

s̄=1

3∑

q=0

LΥr
(Gss̄

q ) dns d̄n̄s̄ gqp Gnn̄
p

4
−

−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄

2
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij

2
= 0.

(4.54)

Note that the product dns d̄n̄s̄ gqp in (4.54) is invariant under the simultaneous
transposition of s←→ n, s̄←→ n̄, and p←→ q. Therefore, we can write

3∑

p=0

Γp
rp

2
−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄

2
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij

2
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

2∑

n=1

2∑

n̄=1

3∑

p=0

LΥr
(Gss̄

q ) dns d̄n̄s̄ gqp Gnn̄
p + Gss̄

q dns d̄n̄s̄ gqp LΥr
(Gnn̄

p )

8
= 0.

The Lie derivative LΥr
in the above equality acts as a first order linear differential

operator. For this reason we can continue transforming the above equality:

3∑

p=0

Γp
rp

2
−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄

2
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij

2
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

2∑

n=1

2∑

n̄=1

3∑

p=0

LΥr
(Gss̄

q dns d̄n̄s̄ Gnn̄
p ) gqp

8
+
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+

2∑

s=1

2∑

s̄=1

3∑

q=0

2∑

n=1

2∑

n̄=1

3∑

p=0

Gss̄
q LΥr

(dns) d̄n̄s̄ gqp Gnn̄
p + Gss̄

q dns LΥr
(d̄n̄s̄) gqp Gnn̄

p

8
= 0.

Taking into account the second identity (3.12) and the formula (3.2), we find that
the last term of the above equality cancels the second and the third terms in it. As
a result, using (3.9), we can write it as follows:

3∑

p=0

Γp
rp

2
−

3∑

p=0

3∑

q=0

LΥr
(gqp) gqp

4
= 0. (4.55)

Using the formula (4.20), we can write (4.55) in a very simple form:

3∑

p=0

3∑

q=0

gqp ∇rgqp = 0. (4.56)

Thus, the formula (4.52) is reduced to (4.56), while (4.51) is equivalent to (4.50)
provided (4.56) is fulfilled. From (4.50) and (4.41) we derive the following expression
for Ā-components of the spinor connection (Γ, A, Ā):

Āī
rj̄ =

2∑

s=1

3∑

p=0

3∑

q=0

Gs̄i
p Γp

rq G q

sj̄

4
−

−

2∑

s=1

3∑

q=0

LΥr
(Gs̄i

q )G q

sj̄

4
−

2∑

i=1

2∑

j=1

LΥr
(dji) dij δ ī

j̄

4
.

(4.57)

Both (4.56) and (4.57), when taken together, are equivalent to (4.49).
Having all done with (4.49), now we return back to the equality (4.48). The

left hand side of this equality is skew-symmetric in ī and j̄. Like in the case of
(4.47), subdividing the right hand side of (4.48) into two parts symmetric and
skew-symmetric in ī and j̄, we write (4.48) as two separate equalities. Here is the
first of these two equalities. It is skew-symmetric in ī and j̄:

Ârji d̄j̄ ī =

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄̄i Gss̄
p Γp

rq G q

jj̄
+ dsj d̄s̄̄i Gss̄

p Γp
rq G q

ij̄

8
−

−
2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄j̄ Gss̄
p Γp

rq G q

j ī
+ dsj d̄s̄j̄ Gss̄

p Γp
rq G q

iī

8
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄ī LΥr
(Gss̄

q )G q

jj̄
+ dsj d̄s̄̄i LΥr

(Gss̄
q )G q

ij̄

8
+

+

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄j̄ LΥr
(Gss̄

q )G q

j ī
+ dsj d̄s̄j̄ LΥr

(Gss̄
q )G q

iī

8
.

(4.58)

Due to the skew-symmetry (4.58) can be transformed to an equality independent of

ī and j̄ at all. Multiplying it by d̄ īj̄ and summing over ī and j̄, we get the following
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equality analogous to the equality (4.51):

Ârji =

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi Gss̄
p Γp

rq G q
j s̄ + dsj Gss̄

p Γp
rq G q

is̄

8
−

−
2∑

s=1

2∑

s̄=1

3∑

q=0

dsi LΥr
(Gss̄

q )G q
j s̄ + dsj LΥr

(Gss̄
q )G q

is̄

8
.

(4.59)

By analogy to (4.52) one can write the following equality:

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi Gss̄
p Γp

rq G q
j s̄ − dsj Gss̄

p Γp
rq G q

is̄

8
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi LΥr
(Gss̄

q )G q
j s̄ − dsj LΥr

(Gss̄
q )G q

is̄

8
−

−
LΥr

(dji)

2
−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄ dji

4
= 0.

(4.60)

Acting in a similar way as in the case of (4.52), one can show that the equality
(4.60) is equivalent to (4.56). Adding (4.60) to (4.59), we get

Ârji = −
LΥr

(dji)

2
+

2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi Gss̄
p Γp

rq G q
j s̄

4
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi LΥr
(Gss̄

q )G q
j s̄

4
−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄ dji

4
.

(4.61)

The formula (4.61) is similar to (4.50). From (4.61) and (4.39) we derive

Ai
rj =

2∑

s̄=1

3∑

p=0

3∑

q=0

Gis̄
p Γp

rq G q
j s̄

4
−

−

2∑

s̄=1

3∑

q=0

LΥr
(Gis̄

q )G q
j s̄

4
−

2∑

ī=1

2∑

j̄=1

LΥr
(d̄j̄ ī) d̄ īj̄ δ i

j

4
.

(4.62)

The last step is to study the symmetric part of the equality (4.48). Symmetrizing
(4.48) with respect to ī and j̄, we find that its symmetric part is written as

Bij īj̄ + Bjiīj̄ = 0, (4.63)

where

Bij īj̄ =
2∑

s=1

2∑

s̄=1

3∑

p=0

3∑

q=0

dsi d̄s̄̄i Gss̄
p Γp

rq G q

jj̄
+ dsj d̄s̄j̄ Gss̄

p Γp
rq G q

iī

8
−

−

2∑

s=1

2∑

s̄=1

3∑

q=0

dsi d̄s̄ī LΥr
(Gss̄

q )G q

jj̄
+ dsj d̄s̄j̄ LΥr

(Gss̄
q )G q

iī

8
.

(4.64)
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Using (4.25) and the formula (3.2), we transform (4.64) as follows:

Bij īj̄ =

2∑

...

2∑

s, s̄, n, n̄

3∑

...

3∑

p, q, α, β

(dsi d̄s̄ī Gss̄
p gpα) Γrβα (dnj d̄n̄j̄ Gnn̄

q gβq)

8
+

+

2∑

...

2∑

s, s̄, n, n̄

3∑

...

3∑

p, q, α, β

(dsj d̄s̄j̄ Gss̄
p gpα) Γrβα (dni d̄n̄ī Gnn̄

q gβq)

8
−

−

2∑

...

2∑

s, s̄, n, n̄

3∑

p, q

(dsi d̄s̄ī LΥr
(Gss̄

q )) gqp (dnj d̄n̄j̄ Gnn̄
p )

8
−

−

2∑

...

2∑

s, s̄, n, n̄

3∑

p, q

(dsi d̄s̄ī Gss̄
q gqp (dnj d̄n̄j̄ LΥr

(Gnn̄
p ))

8
.

(4.65)

Remember that the Lie derivative LΥr
acts as a first order linear differential oper-

ator. Therefore, the formula (4.65) can be written as

Bij īj̄ = −

2∑

...

2∑

s, s̄, n, n̄

3∑

p, q

dsi d̄s̄̄i dnj d̄n̄j̄ LΥr
(Gss̄

q gqp Gnn̄
p )

8
+

+

2∑

...

2∑

s, s̄, n, n̄

3∑

p, q

(dsi d̄s̄ī Gss̄
q )LΥr

(gqp) (dnj d̄n̄j̄ Gnn̄
p )

8
+

+
2∑

...

2∑

s, s̄, n, n̄

3∑

...

3∑

p, q, α, β

(dsi d̄s̄̄i Gss̄
p gpα) Γrβα (dnj d̄n̄j̄ Gnn̄

q gβq)

8
+

+

2∑

...

2∑

s, s̄, n, n̄

3∑

...

3∑

p, q, α, β

(dsj d̄s̄j̄ Gss̄
p gpα) Γrβα (dni d̄n̄ī Gnn̄

q gβq)

8
.

(4.66)

Remember that gqp form the inverse matrix for gqp. Therefore, we have

LΥr
(gqp) = −

3∑

α=0

3∑

β=0

gpα LΥr
(gαβ) gβq (4.67)

Substituting (4.67) into (4.66) and applying (3.10) and (4.20) to it, we derive

Bij īj̄ = −

2∑

...

2∑

s, s̄, n, n̄

3∑

p, q

dsi d̄s̄̄i dnj d̄n̄j̄ LΥr
(dsn d̄s̄n̄)

4
−

−

2∑

...

2∑

s, s̄, n, n̄

3∑

...

3∑

p, q, α, β

(dsi d̄s̄̄i Gss̄
p gpα)∇rgαβ (dnj d̄n̄j̄ Gnn̄

q gβq)

8
.

(4.68)

The first term in (4.68) is skew-symmetric in i and j. It vanishes when we substitute
(4.68) into (4.63). As a result the equality (4.63) takes the form

3∑

α=0

3∑

β=0

Gα
iī ∇rgαβ Gβ

jj̄
+

3∑

α=0

3∑

β=0

Gα
j ī ∇rgαβ Gβ

ij̄
= 0. (4.69)
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Thus the concordance condition ∇G = 0 is equivalent to the formulas (4.57), and
(4.62) provided ∇d = 0, ∇d̄ = 0, and the equalities (4.56) and (4.69) are fulfilled.
This result of the above calculations can be stated as the following theorem.

Theorem 4.3. The concordance conditions ∇d = 0, ∇d̄ = 0, and ∇G = 0 for

a spinor connection (Γ, A, Ā) are equivalent to the formulas (4.34), (4.57), and

(4.62) for its components in an arbitrary frame pair (U, Υ0, Υ1, Υ2, Υ3) and

(U, Ψ1, Ψ2) of the bundles TM and SM respectively.

Proof. Note that ∇d = 0, ∇d̄ = 0, and ∇G = 0 imply ∇g = 0. The latter
concordance condition is equivalent to the formula (4.34). Moreover, due to this
condition the equalities (4.56) and (4.69) are fulfilled. Then from ∇d = 0, ∇d̄ = 0,
and ∇G = 0 the formulas (4.57) and (4.62) are derived.

Conversely, the formula (4.34) leads to ∇g = 0 and to the equalities (4.56) and
(4.69). The equality (4.69) is equivalent to (4.63). The equality (4.56) is equivalent
to (4.60). Being combined with (4.62), the equality (4.60) leads to (4.58) and (4.42).
Both (4.63) and (4.58) yield (4.48).

The equality (4.56) is equivalent to (4.52). Being combined with (4.57), the
equality (4.52) leads to (4.49) and (4.40). The equalities (4.40) and (4.42) are
equivalent to ∇d = 0 and ∇d̄ = 0. An finally, from (4.48) and (4.49) by applying
(4.40) and (4.42) we derive ∇G = 0. The theorem is proved. �

Corollary 4.2. The components of a real metric connection (Γ, A, Ā) with zero

torsion T = 0 for the bundle of chiral spinors SM are given by the explicit formulas

(4.35), (4.57), and (4.62).

5. Dirac spinors.

Let M be a space-time manifold and let SM be a spinor bundle over M intro-
duced by the definition 1.1. By S†M (see (2.2)) we denote the Hermitian conjugate
bundle for SM . Taking both SM and S†M , we construct their direct sum

DM = SM ⊕ S†M. (5.1)

The direct sum (5.1) is called the Dirac bundle associated with the spinor bundle
SM . This is a four-dimensional complex bundle over M . The bundles SM and
S†M , when treated as the constituents of DM , are called chiral bundles.

Due to the expansion the Dirac bundle DM acquires from SM its three basic
spin-tensorial fields: the spin-metric tensor d, the chirality operator H, and the
Hermitian spin-metric tensor D, which is also called the Dirac form. The defini-
tions of these three fields can be found in section 3 of [6].

Definition 5.1. A frame (U, Ψ1, Ψ2, Ψ3, Ψ4) of the Dirac bundle DM is called
an orthonormal frame if the spin-metric tensor d is represented by the following
skew-symmetric matrix in this frame:

dij = d(Ψi,Ψj) =

∥
∥
∥
∥
∥
∥
∥

0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

∥
∥
∥
∥
∥
∥
∥

. (5.2)
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Definition 5.2. A frame (U, Ψ1, Ψ2, Ψ3, Ψ4) of the Dirac bundle DM is called
an anti-orthonormal frame if the spin-metric tensor d is represented by the matrix
opposite to the matrix (5.2) in this frame:

dij = d(Ψi,Ψj) =

∥
∥
∥
∥
∥
∥
∥

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

∥
∥
∥
∥
∥
∥
∥

. (5.3)

Definition 5.3. A frame (U, Ψ1, Ψ2, Ψ3, Ψ4) of the Dirac bundle DM is called a
chiral frame if the chirality operator H given by the following matrix in this frame:

H i
j =

∥
∥
∥
∥
∥
∥
∥

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

∥
∥
∥
∥
∥
∥
∥

. (5.4)

Definition 5.4. A frame (U, Ψ1, Ψ2, Ψ3, Ψ4) of the Dirac bundle DM is called
an anti-chiral frame if the chirality operator H given by the diagonal matrix oppo-
site to the matrix (5.4) in this frame:

H i
j =

∥
∥
∥
∥
∥
∥
∥

−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

∥
∥
∥
∥
∥
∥
∥

. (5.5)

Definition 5.5. A frame (U, Ψ1, Ψ2, Ψ3, Ψ4) of the Dirac bundle DM is called
a self-adjoint frame if the Hermitian spin-metric tensor D (the Dirac form) is rep-
resented by the following matrix in this frame:

Dij̄ = D(Ψj̄ ,Ψi) =

∥
∥
∥
∥
∥
∥
∥

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∥
∥
∥
∥
∥
∥
∥

. (5.6)

Definition 5.6. A frame (U, Ψ1, Ψ2, Ψ3, Ψ4) of the Dirac bundle DM is called
an anti-self-adjoint frame if the Hermitian spin-metric tensor D (the Dirac form)
is represented by the matrix opposite to the matrix (5.6) in this frame:

Dij̄ = D(Ψj̄ ,Ψi) =

∥
∥
∥
∥
∥
∥
∥

0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

∥
∥
∥
∥
∥
∥
∥

. (5.7)

In [6] the P and T reflection operations were studied and the following four types
of frames in the Dirac bundle DM were considered:

(1) canonically orthonormal chiral frames;
(2) P -reverse anti-chiral frames;
(3) T -reverse anti-chiral frames;
(4) PT -reverse chiral frames.
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Canonically orthonormal chiral frames are simultaneously orthonormal,
chiral, and self-adjoint frames. This is the basic type of frames most closely related
to the expansion (5.1). Each canonically orthonormal chiral frame of the Dirac bun-
dle (U, Ψ1, Ψ2, Ψ3, Ψ4) is produced from some orthonormal frame (U, Ψ1, Ψ2)
of the chiral bundle SM as follows:

Ψ1 = Ψchiral

1 , Ψ2 = Ψchiral

2 , Ψ3 = ϑ 1
chiral

, Ψ4 = ϑ 2
chiral

. (5.8)

P -reverse anti-chiral frames are self-adjoint, but anti-orthonormal and anti-
chiral. Any P -reverse anti-chiral frame (U, Ψ̃1, Ψ̃2, Ψ̃3, Ψ̃4), is produced from
some canonically orthonormal chiral frame (U, Ψ1, Ψ2, Ψ3, Ψ4) by P -inversion:

Ψ̃1 = Ψ3, Ψ̃2 = Ψ4, Ψ̃3 = Ψ1, Ψ̃4 = Ψ2. (5.9)

T -reverse anti-chiral frames are orthonormal, anti-chiral, and anti-self-ad-
joint. Any T -reverse anti-chiral frame (U, Ψ̃1, Ψ̃2, Ψ̃3, Ψ̃4), is produced from some
canonically orthonormal chiral frame (U, Ψ1, Ψ2, Ψ3, Ψ4) by T -inversion:

Ψ̃1 = iΨ3, Ψ̃2 = iΨ4, Ψ̃3 = −iΨ1, Ψ̃4 = −iΨ2. (5.10)

PT -reverse chiral frames are anti-orthonormal, chiral, and anti-self-adjoint.
Any PT -reverse chiral frame (U, Ψ̃1, Ψ̃2, Ψ̃3, Ψ̃4), is produced from some canon-
ically orthonormal chiral frame (U, Ψ1, Ψ2, Ψ3, Ψ4) by PT -inversion:

Ψ̃1 = iΨ1, Ψ̃2 = iΨ2, Ψ̃3 = −iΨ3, Ψ̃4 = −iΨ4. (5.11)

All of the above facts are easily derived from (5.2), (5.3), (5.4), (5.5), (5.6), and
(5.7). The P , T , and PT -inversions introduced in (5.9), (5.10), and (5.11) are not
actual operations over spinors, they are frame transformations only. The formula
(5.8) defines a frame construction operation.

The frames of all of the above four types are canonically associated with some
frames in TM . The frame association is given by the diagram

Canonically orthonormal

chiral frames
→

Positively polarized

right orthonormal frames

P -reverse
anti-chiral frames

→
Positively polarized

left orthonormal frames

T -reverse
anti-chiral frames

→
Negatively polarized

right orthonormal frames

PT -reverse
chiral frames

→
Negatively polarized

left orthonormal frames

(5.12)

Like SM , the Dirac bundle DM is a complex vector bundle over the smooth
real space-time manifold M . For this reason there is a semilinear involution of
complex conjugation τ acting upon spin-tensorial fields associated with DM . This
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involution τ is canonically associated with DM , it is introduces in a way similar to
τ for SM (see details in [6]). Applying τ to the spin-metric tensor d, we get

d̄ = τ(d). (5.13)

This is a spin-tensorial field of the type (0, 0|0, 2|0, 0), while d itself is a field of the
type (0, 2|0, 0|0, 0). The following formulas are analogous to (2.18) and (2.19):

τ(X) =

4∑

...

4∑

i1, ... , iν

j1, ... , jγ

ī1, ... , īα

j̄1, ... , j̄β

3∑

...

3∑

h1, ... , hm

k1, ... , kn

τX i1... iν ī1... īα h1... hm

j1... jγ j̄1... j̄β k1... kn
Ψ

j1... jγ j̄1... j̄β k1... kn

i1... iν ī1... īα h1... hm
, (5.14)

where

τX i1... iν ī1... īα h1... hm

j1... jγ j̄1... j̄β k1... kn
= X ī1... īα i1... iν h1... hm

j̄1... j̄β j1... jγ k1... kn
. (5.15)

Applying (5.14) and (5.15) to (5.13), we derive the components of d̄:

d̄īj̄ = dīj̄ . (5.16)

The local fields Ψ
j1... jγ j̄1... j̄β k1... kn

i1... iν ī1... īα h1... hm
in the expansion (5.16) are introduced in a way

similar to that of (2.13). As for the formulas (5.14), (5.15), and (5.16), they hold
for arbitrary frame pairs (U, Ψ1, Ψ2, Ψ3, Ψ4) and (U, Υ0, Υ1, Υ2, Υ3), not only
for those listed in the diagram (5.12).

Let’s apply the formula (5.15) to the formula (5.6) or to the formula (5.7). As a
result we find that the Dirac field D is a real spin-tensorial field:

τ(D) = D. (5.17)

From (5.17) for the Dirac form D(X,Y) = C(D⊗ τ(X) ⊗Y) we derive

D(X,Y) =
4∑

i=1

4∑

j=1

Dij̄ X j̄ Y i = D(Y,X). (5.18)

The identity (5.18) shows that the Dirac form D(X,Y) is a Hermitian form.

6. Dirac’s γ-field, γ-symbols, and γ-matrices.

The Infeld-van der Waerden symbols are not expanded to the Dirac bundle.
Instead of them, here we have the Dirac’s γ-field γ. This is a spin-tensorial field
of the type (1, 1|0, 0|0, 1). Its components are called the Dirac’s γ-symbols. In a
frame pair of any type listed on the diagram (5.12), γ-symbols are given explicitly:

γ 1
1 0 = 0, γ 1

2 0 = 0, γ 1
3 0 = 1, γ 1

4 0 = 0,

γ 2
1 0 = 0, γ 2

2 0 = 0, γ 2
3 0 = 0, γ 2

4 0 = 1,
(6.1)

γ 3
1 0 = 1, γ 3

2 0 = 0, γ 3
3 0 = 0, γ 3

4 0 = 0,

γ 4
1 0 = 0, γ 4

2 0 = 1, γ 4
3 0 = 0, γ 4

4 0 = 0,
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γ 1
1 1 = 0, γ 1

2 1 = 0, γ 1
3 1 = 0, γ 1

4 1 = 1,

γ 2
1 1 = 0, γ 2

2 1 = 0, γ 2
3 1 = 1, γ 2

4 1 = 0,
(6.2)

γ 3
1 1 = 0, γ 3

2 1 = −1, γ 3
3 1 = 0, γ 3

4 1 = 0,

γ 4
1 1 = −1, γ 4

2 1 = 0, γ 4
3 1 = 0, γ 4

4 1 = 0,

γ 1
1 2 = 0, γ 1

2 2 = 0, γ 1
3 2 = 0, γ 1

4 2 = −i,

γ 2
1 2 = 0, γ 2

2 2 = 0, γ 2
3 2 = i, γ 2

4 2 = 0,
(6.3)

γ 3
1 2 = 0, γ 3

2 2 = i, γ 3
3 2 = 0, γ 3

4 2 = 0,

γ 4
1 2 = −i, γ 4

2 2 = 0, γ 4
3 2 = 0, γ 4

4 2 = 0,

γ 1
1 3 = 0, γ 1

2 3 = 0, γ 1
3 3 = 1, γ 1

4 3 = 0,

γ 2
1 3 = 0, γ 2

2 3 = 0, γ 2
3 3 = 0, γ 2

4 3 = −1,
(6.4)

γ 3
1 3 = −1, γ 3

2 3 = 0, γ 3
3 3 = 0, γ 3

4 3 = 0,

γ 4
1 3 = 0, γ 4

2 3 = 1, γ 4
3 3 = 0, γ 4

4 3 = 0.

The second lower index of the γ-symbols (6.1), (6.2), (6.3), and (6.4) is a spacial
index. By fixing this index, we can arrange γ-symbols into four square matrices

γk =

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

γ 1
1k γ 1

2k γ 1
3k γ 1

4k

γ 2
1k γ 2

2k γ 2
3k γ 2

4k

γ 3
1k γ 3

2k γ 3
3k γ 3

4k

γ 4
1k γ 4

2k γ 4
3k γ 4

4k

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

, k = 0, 1, 2, 3. (6.5)

The matrices (6.5) are called Dirac matrices. One can write them explicitly:

γ0 =

∥
∥
∥
∥
∥
∥
∥

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∥
∥
∥
∥
∥
∥
∥

, γ1 =

∥
∥
∥
∥
∥
∥
∥

0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

∥
∥
∥
∥
∥
∥
∥

,

(6.6)

γ2 =

∥
∥
∥
∥
∥
∥
∥

0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

∥
∥
∥
∥
∥
∥
∥

, γ3 =

∥
∥
∥
∥
∥
∥
∥

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

∥
∥
∥
∥
∥
∥
∥

.

The Dirac matrices (6.6) are very popular in physics. However, dealing with them,
one should remember that each separate matrix has no spin-tensorial interpretation.

The most popular property of the Dirac matrices (6.6) is written in terms of
their anticommutators {γi, γj} = γi · γj − γj · γi:

{γi, γj} = 2 gij 1. (6.7)

Here 1 is the unit matrix. Due to this property they define the 4-dimensional
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representation of the Clifford algebra Cl(1, 3, R) (see [8]). In terms of the γ-symbols
the formula (6.7) is written as follows:

4∑

b=1

γ a
bi γ b

cj +

4∑

b=1

γ a
bj γ b

ci = 2 gij δa
c . (6.8)

Apart from (6.8), there are also some analogs of the properties of Infeld-van der
Waerden symbols (3.8), (3.9), (3.10), and (3.11). Here is the most simple of them:

4∑

a=1

4∑

b=1

4∑

e=1

4∑

h=1

γ a
bi dae dbh γ e

hj = 4 gij. (6.9)

The identity (6.9) is an analog of (3.9). It is derived from the following more simple
identity with the use of the anticommutator relationship (6.8):

4∑

a=1

4∑

b=1

γ a
bi dae dbh = γ h

ei. (6.10)

By dbh in (6.9) and (6.10) we denote the components of the dual spin-metric tensor.
By tradition we denote it by the same symbol d. Its components dbh form the
matrix inverse to dae.

The inverse Dirac’s γ-field γ is a spin-tensorial field of the type (1, 1|0, 0|1, 0).
Its components are obtained from γ i

jm by raising the lower index m:

γ im
j =

3∑

k=0

γ i
jk gkm. (6.11)

The formula (6.11) is an analog of the formula (3.2). The quantities γ im
j obtained

through this formula are called the inverse γ-symbols. From (6.9) and (6.10), taking
into account (6.11), now we derive

4∑

e=1

4∑

h=1

γ h
ej γ ei

h = 4 δi
j. (6.12)

The formula (6.12) is an analog of the first formula (3.12). By raising the index i
in (6.10) we obtain the following equality for the inverse γ-symbols:

4∑

a=1

4∑

b=1

γ ai
b dae dbh = γ hi

e . (6.13)

Then rising both indices i and j in (6.9) we derive the identity

4∑

a=1

4∑

b=1

4∑

e=1

4∑

h=1

γ ai
b dae dbh γ ej

h = 4 gij. (6.14)

The identity (6.14) is analogous to (3.11). As for the identities (6.10) and (6.13),
they have no analogs in chiral spinors.
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The relation of Dirac’s γ-field and the chirality operator H is determined by the
structure of γ-matrices (6.6). By means of direct calculations we prove that

{γm, H} = 0. (6.15)

Like in (6.7), in (6.15) we have the anticommutator {γm, H} = γm ·H + H · γm.
In a coordinate form the identity (6.15) is written as

4∑

b=1

γ a
bm Hb

c +

4∑

b=1

Ha
b γ b

cm = 0. (6.16)

As for d and H, their relation is described by the identity similar to (6.16):

4∑

b=1

dab Hb
c =

4∑

b=1

Hb
a dbc. (6.17)

The identity (6.17) means that the chirality operator H is a symmetric operator
with respect to the bilinear form of the spin-metric tensor d, i. e.

d(H(X),Y) = d(X,H(Y)) (6.18)

for any two spinors X and Y. In the case if the Dirac form (the form of the
Hermitian spin-metric tensor D) we have the identity similar to (6.18):

D(H(X),Y) = −D(X,H(Y)). (6.19)

The identity (6.19) means that H is an anti-Hermitian operator with respect to the
Hermitian form D. In a coordinate form (6.19) is written as

4∑

ā=1

Diā H ā
ī

= −
4∑

a=1

Ha
i Daī. (6.20)

Returning back to the Dirac’s γ-symbols, we can write

3∑

m=0

3∑

n=0

γ a
bm γ e

hn gmn = δa
h δe

b −Ha
h He

b +

+ dae dbh −

4∑

r=1

4∑

s=1

Ha
r dre dbs Hs

h,

(6.21)

3∑

m=0

3∑

n=0

γ am
b γ en

h gmn = δa
h δe

b −Ha
h He

b +

+ dae dbh −

4∑

r=1

4∑

s=1

Ha
r dre dbs Hs

h.

(6.22)

The identities (6.21) and (6.22) are analogs of (3.8) and (3.10). Taking into account
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(6.11), we can transform (6.21) and (6.22) to the following identity:

3∑

m=0

γ am
b γ e

hm = δa
h δe

b −Ha
h He

b +

+ dae dbh −

4∑

r=1

4∑

s=1

Ha
r dre dbs Hs

h.

(6.23)

The identity (6.23) is an analog of the second identity (3.12).
Let’s take the components of the Dirac form (the Hermitian spin-metric tensor

D) and raise their indices. As a result we obtain

Diī =

4∑

a=1

4∑

ā=1

dia Daā d̄āī. (6.24)

The matrix Diī is inverse to Diī in the sense of the following equalities:

4∑

ā=1

Dj ā Diā = δ i
j ,

4∑

ā=1

Daj̄ Daī = δ ī
j̄ . (6.25)

Due to (6.25) the spin-tensorial field D of the type (1, 0|1, 0|0, 0) determined by the

matrix (6.24) is called the inverse Hermitian spin-metric tensor. Using both Diī

and Diī, we define the following quantities:

γ iī
m =

4∑

a=1

γ i
am Daī, γm

iī =
4∑

a=1

γam
i Daī. (6.26)

The quantities (6.26) are called direct and inverse Hermitian γ-symbols. They define
two spin-tensorial fields of the types (1, 0|1, 0|0, 1) and (0, 1|0, 1|1, 0) respectively.
We denote these fields by the same symbol γ, as well as the initial fields from which
they are produced. The fields (6.26) are real fields:

τ(γ) = γ. (6.27)

Indeed, by means of direct calculations we can prove that

γ iī
m = γ īi

m, γm
iī = γm

īi
. (6.28)

The equalities (6.28) are coordinate representations of the equality (6.27). In terms
of the initial γ-symbols they can be written as

4∑

ā=1

Diā γ ā
īm

=

4∑

a=1

γa
im Daī. (6.29)

The equality (6.29) is similar to (6.20). Moreover, we have

4∑

a=1

dia γa
jm = −

4∑

a=1

γa
im daj . (6.30)

The equality (6.30) is derived from (6.10), it is similar to (6.20) and (6.29).
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7. Spinor connections for Dirac spinors.

Let (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2, Ψ3, Ψ4) be two frames with a com-

mon domain U of the bundles TM and DM respectively. Let (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3)

and (Ũ , Ψ̃1, Ψ̃2, Ψ̃3, Ψ̃4) be other two such frames. Assume that U∩Ũ 6= ∅. Then

at each point p ∈ U ∩ Ũ 6= ∅ one can write the transition formulas (1.4). Instead
of (1.6) here we write the following transition formulas:

Ψ̃i =

4∑

j=1

S
j
i Ψj , Ψi =

4∑

j=1

T
j
i Ψ̃j . (7.1)

Using the transition matrices from (1.4) and (7.1), one can define the θ-parameters.
They are introduced by the formulas which are almost the same as the formulas
(4.6), (4.7), (4.8), and (4.9) in section 4:

θ̃k
ij =

3∑

a=0

T k
a L

Υ̃i
(Sa

j ) = −
3∑

a=0

L
Υ̃i

(T k
a )Sa

j , (7.2)

ϑ̃k
ij =

4∑

a=1

T
k
a L

Υ̃i
(Sa

j ) = −
4∑

a=1

L
Υ̃i

(Tk
a)S

a
j , (7.3)

θk
ij =

3∑

a=0

Sk
a LΥi

(T a
j ) = −

3∑

a=0

LΥi
(Sk

a)T a
j , (7.4)

ϑk
ij =

4∑

a=1

S
k
a LΥi

(Ta
j ) = −

4∑

a=1

LΥi
(Sk

a)T
a
j . (7.5)

The only difference is that the indices i and k in (7.3) and (7.5) run over the range
from 1 to 4. The formulas (7.2) and (7.4) coincide with (4.6) and (4.8) exactly. For

this reason θ-parameters θ̃k
ij and θk

ij here coincide with those in section 4 and the

relationships (4.10), (4.11), and (4.14) for them are valid.

Definition 7.1. A spinor connection in the Dirac bundle DM is a geometric object
such that in each frame pair (U, Υ0, Υ1, Υ2, Υ3) and (U, Ψ1, Ψ2, Ψ3, Ψ4) of the
bundles TM and DM it is given by three arrays of smooth complex-valued functions

Γk
ij = Γk

ij(p), i, j, k = 0, . . . , 3,

Ak
ij = Ak

ij(p), i = 0, . . . , 3, j, k = 1, . . . , 4,

Āk
ij = Āk

ij(p), i = 0, . . . , 3, j, k = 1, . . . , 4,

where p ∈ U , such that when passing from the frame pair (U, Υ0, Υ1, Υ2, Υ3)

and (U, Ψ1, Ψ2, Ψ3, Ψ4) to some other frame pair (Ũ , Υ̃0, Υ̃1, Υ̃2, Υ̃3) and

(Ũ , Ψ̃1, Ψ̃2, Ψ̃3, Ψ̃4) with U ∩ Ũ 6= ∅ these functions are transformed as follows:

Γk
ij =

3∑

b=0

3∑

a=0

3∑

c=0

Sk
a T b

j T c
i Γ̃a

c b + θk
ij , (7.6)
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Ak
ij =

4∑

b=1

4∑

a=1

3∑

c=0

S
k
a T

b
j T c

i Ãa
c b + ϑk

ij , (7.7)

Āk
ij =

4∑

b=1

4∑

a=1

3∑

c=0

Sk
a Tb

j T c
i

˜̄Aa
c b + ϑk

ij . (7.8)

The components of the transition matrices S, T , S, and T in (7.6), (7.7), and
(7.8) are taken from (1.4) and (7.1), while the quantities θk

ij and ϑk
ij are defined in

(7.4) and (7.5). The covariant differential ∇ associated with the spinor connection
(Γ, A, Ā) introduced in the definition 7.1 is a differential operator

∇ : Dα
β D̄ν

γT m
n M → Dα

β D̄ν
γT m

n+1M. (7.9)

In a coordinate form the operator (7.9) is represented by a covariant derivative:

∇kn+1
X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn
= LΥkn+1

(
X i1... iα ī1... īν h1... hm

j1... jβ j̄1... j̄γ k1... kn

)
−

+

α∑

µ=1

4∑

vµ=1

A
iµ

kn+1 vµ
X

i1... vµ ... iε ī1... īν h1... hm

j1... ... ... jβ j̄1... j̄γ k1... kn
−

−

β
∑

µ=1

4∑

wµ=1

A
wµ

kn+1 jµ
X i1... ... ... iα ī1... īνh1... hm

j1... wµ ... jβ j̄1... j̄γk1... kn
+

+

ν∑

µ=1

4∑

vµ=1

Ā
īµ

kn+1 vµ
X

i1... iα ī1... vµ ... īν h1... hm

j1... jβ j̄1... ... ... j̄γ k1... kn
−

−

γ
∑

µ=1

4∑

wµ=1

Ā
wµ

kn+1 j̄µ
X i1... iα ī1... ... ... īν h1... hm

j1... jβ j̄1... wµ ... j̄γ k1... kn
+

+

m∑

µ=1

3∑

vµ=0

Γ
hµ

kn+1 vµ
X

i1... iα ī1... īν h1... vµ ... hm

j1... jβ j̄1... j̄γ k1... ... ... kn
−

−

n∑

µ=1

3∑

wµ=0

Γ
wµ

kn+1 kµ
X i1... iα ī1... īν h1... ... ... hm

j1... jβ j̄1... j̄γ k1... wµ ... kn
.

(7.10)

The formula (7.9) is analogous to (4.19), while (7.10) is an analog of (4.20).

Definition 7.2. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors
DM is called concordant with the complex conjugation or a real connection if the
corresponding covariant differential (7.9) commute with the involution τ , i. e. if
∇(τ(X)) = τ(∇X) for any spin-tensorial field X.

Definition 7.3. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
is called concordant with the Dirac’s γ-field if ∇γ = 0.

Definition 7.4. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
is called concordant with the spin-metric tensor if ∇d = 0.
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Definition 7.5. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
is called concordant with the metric tensor if ∇g = 0.

Definition 7.6. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
is called concordant with the chirality operator if ∇H = 0.

Definition 7.7. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
is called concordant with the Hermitian spin-metric tensor if ∇D = 0.

Theorem 7.1. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
is concordant with the complex conjugation τ if and only if

Γk
ij = Γk

ij , Āk
ij = Ak

ij . (7.11)

The theorem 7.1 is an analog of the theorem 4.1. Its proof is obvious due to the
formulas (5.14), (5.15), and (7.10).

The Dirac γ-symbols are more numerous than the Infeld-van der Waerden sym-
bols. For this reason they contain more information and they are more self-
sufficient. Instead of the theorem 4.2 here we have.

Theorem 7.2. Any spinor connection (Γ, A, Ā) of the bundle of Dirac spinors

DM concordant with the Dirac γ-field γ is concordant with the metric tensor g as

well, i. e. ∇γ = 0 implies ∇g = 0.

Proof. In order to prove this theorem it is sufficient to apply the identity (6.8). By
setting c = a and summing over the index a from (6.8) we derive

4∑

a=1

4∑

b=1

γ a
bi γ b

aj +

4∑

a=1

4∑

b=1

γ a
bj γ b

ai = 2

4∑

a=1

4∑

b=1

γ a
bi γ b

aj = 8 gij. (7.12)

Applying the covariant derivative ∇k to both sides of the equality (7.12) and taking
into account that ∇kγ a

bi = 0 and ∇kγ b
aj , we derive ∇kgij = 0. �

Theorem 7.3. A spinor connection (Γ, A, Ā) of the bundle of Dirac spinors DM
concordant with the Dirac γ-field and with the spin-metric tensor d is concordant

with the chirality operator H too, i. e. ∇γ = 0 and ∇d = 0 imply ∇H = 0.

Proof. In order to prove this theorem we apply the identity (6.23). Due to the
previous theorem 7.2 from ∇kγ i

jm = 0 it follows that ∇kgij = 0 and ∇kgij = 0.

Then from ∇kgij = 0 and ∇kγ i
jm = 0 due to the formula (6.11) we get ∇kγ im

j = 0.

Now applying ∇k to both sides of (6.23) and using ∇d = 0, we derive

4∑

r=1

4∑

s=1

(
∇kHa

r dre dbs Hs
h + Ha

r dre dbs∇kHs
h

)
+ ∇kHa

h He
b + Ha

h ∇kHe
b = 0.

Let’s multiply this equality by Hb
q and sum it over the index b. As a result we get

4∑

r=1

∇kHa
r dre dqh +

4∑

b=1

4∑

r=1

4∑

s=1

Ha
r dre dqb Hb

s ∇kHs
h +

+∇kHa
h δe

q +

4∑

b=1

Ha
h Hb

q ∇kHe
b = 0.

(7.13)
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In deriving (7.13) we used the formula (6.17) and the identity H2 = id. In a
coordinate form the identity H2 = id is written as follows:

4∑

b=1

He
b Hb

h = δe
h. (7.14)

The formula (7.14) is easily derived from the matrix representation of the chirality
operator (5.4) or (5.5). From (7.14) we easily derive

4∑

e=1

4∑

b=1

He
b Hb

e = 4. (7.15)

Applying the covariant derivative ∇k to (7.15), we find that

4∑

e=1

4∑

b=1

(
∇kHe

b Hb
e + He

b ∇kHb
e

)
= 2

4∑

e=1

4∑

b=1

Hb
e ∇kHe

b = 0. (7.16)

Now let’s set q = e in the equality (7.13) and recall that the matrix dre is inverse
to the matrix deb when summing over the index e. As a result from (7.13) we get

6∇kHa
h +

4∑

e=1

4∑

b=1

Ha
h Hb

e ∇kHe
b = 0. (7.17)

Applying (7.16) to (7.17), we see that the second term in (7.17) is zero. Hence, we
have ∇kHa

h = 0. The theorem 7.3 is proved. �

Theorem 7.4. A real spinor connection (Γ, A, Ā) of the bundle of Dirac spinors

DM concordant with the Dirac γ-field and with the spin-metric tensor d is concor-

dant with the Dirac form D as well, i. e. ∇γ = 0 and ∇d = 0 imply ∇D = 0.

Proof. The proof of this theorem is based on the following identity for γ-symbols:

3∑

m=0

3∑

n=0

γ a
bm gmn γ e

hn = −
4∑

s=1

4∑

r̄=1

Dsh̄ dsa Dbr̄ d̄r̄ē +

+
4∑

r=1

4∑

s=1

4∑

r̄=1

4∑

q=1

Hq
s Dqh̄ dsa Hr

b Drr̄ d̄ r̄ē−

−

4∑

s=1

4∑

r̄=1

dsa Dsr̄ d̄r̄ē Dbh̄ +

4∑

r=1

4∑

s=1

4∑

r̄=1

4∑

q=1

dsa Hr
s Drr̄ d̄r̄ē Hq

b Dqh̄.

(7.18)

The identity (7.18) is proved by direct calculations. Let’s apply the covariant de-
rivative ∇k to both sides of the identity (7.18). When doing it we should remember
that ∇γ = 0 and ∇d = 0 imply ∇g = 0 and ∇H = 0 due to the theorems 7.2 and
7.3. Moreover, ∇γ = 0 implies ∇τ(γ) = 0 since (Γ, A, Ā) is assumed to be a real
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spinor connection. As a result, taking into account all the above arguments, from
(7.18) we derive the following identity for the components of the Dirac form D:

−

4∑

s=1

4∑

r̄=1

∇kDsh̄ dsa Dbr̄ d̄ r̄ē −

4∑

s=1

4∑

r̄=1

Dsh̄ dsa∇kDbr̄ d̄r̄ē +

+

4∑

r=1

4∑

s=1

4∑

r̄=1

4∑

q=1

dsa
(
Hq

s ∇kDqh̄ Hr
b Drr̄ + Hq

s Dqh̄ Hr
b ∇kDrr̄

)
d̄r̄ē−

−

4∑

s=1

4∑

r̄=1

dsa∇kDsr̄ d̄r̄ē Dbh̄ −

4∑

s=1

4∑

r̄=1

dsa Dsr̄ d̄ r̄ē∇kDbh̄ +

+

4∑

r=1

4∑

s=1

4∑

r̄=1

4∑

q=1

dsa
(
Hr

s ∇kDrr̄ Hq
b Dqh̄ + Hr

s Drr̄ Hq
b ∇kDqh̄

)
d̄r̄ē = 0.

Note that each term in the above identity contains the sum over the index s and
the factor dsa, where a is a free index. Similarly, each term contains the sum over
the index r̄ and the factor d̄r̄ē, where ē is a free index. The quantities dsa and
d̄ r̄ē form two non-degenerate matrices. Therefore, we can cancel them in the above
equality and simultaneously omit the sums over s and r̄:

−∇kDsh̄ Dbr̄ −Dsh̄∇kDbr̄ +

4∑

r=1

4∑

q=1

Hq
s ∇kDqh̄ Hr

b Drr̄ +

+

4∑

r=1

4∑

q=1

Hq
s Dqh̄ Hr

b ∇kDrr̄ −∇kDsr̄ Dbh̄ −Dsr̄∇kDbh̄ +

+

4∑

r=1

4∑

q=1

Hr
s ∇kDrr̄ Hq

b Dqh̄ +

4∑

r=1

4∑

q=1

Hr
s Drr̄ Hq

b ∇kDqh̄ = 0.

(7.19)

Now let’s multiply (7.19) by Dbh̄ and sum over the indices b and h̄. The quantities

Dbh̄ are defined through the formula (6.24). Taking into account (6.25), we derive

−5∇kDsr̄ +
4∑

r=1

4∑

q=1

4∑

b=1

4∑

h̄=1

Hq
s ∇kDqh̄ Dbh̄ Hr

b Drr̄−

−

4∑

b=1

4∑

h̄=1

Dsr̄∇kDbh̄ Dbh̄ +

4∑

r=1

4∑

b=1

Hr
s ∇kDrr̄ Hb

b +

+

4∑

r=1

4∑

q=1

4∑

b=1

4∑

h̄=1

Hr
s Drr̄ Hq

b ∇kDqh̄ Dbh̄ = 0.

(7.20)

In deriving (7.20), apart from (6.25), we used the equality (7.14). Remember, that
H is a traceless operator (see its matrix (5.4)). This means that

trH =

4∑

b=1

Hb
b = 0. (7.21)
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Due to (7.21) the fourth term in (7.20) is zero. The third term in the left hand side
of (7.20) is zero too. This fact is proved with the use of the formula (6.24):

0 =
4∑

b=1

4∑

h̄=1

∇k(Dbh̄ Dbh̄) =
4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

∇k(Dbh̄ dba Daā d̄āh̄) =

=

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

∇kDbh̄ dba Daā d̄āh̄ +

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

Dbh̄ dba∇kDaā d̄āh̄ =

=

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

∇kDbh̄ dba Daā d̄āh̄ +

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

∇kDaā dab Dbh̄ d̄h̄ā =

= 2
4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

∇kDbh̄ dba Daā d̄āh̄ = 2
4∑

b=1

4∑

h̄=1

∇kDbh̄ Dbh̄.

In the above calculations we used (6.25) and the skew-symmetry of d and d̄. The
last term in the left hand side of (7.20) is also zero. This fact is derived from (7.21):

0 =
4∑

b=1

∇kHb
b =

4∑

q=1

4∑

b=1

4∑

h̄=1

∇k(Hq
b Dqh̄ Dbh̄) =

4∑

q=1

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

(
Hq

b ×

×∇kDqh̄ dba Daā d̄āh̄ + Hq
b Dqh̄ dba∇kDaā d̄āh̄

)
=

4∑

q=1

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

Hq
b ×

×∇kDqh̄ dba Daā d̄āh̄ +

4∑

q=1

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

Ha
b ∇kDaā dbq Dqh̄ d̄h̄ā =

= 2
4∑

q=1

4∑

b=1

4∑

h̄=1

4∑

a=1

4∑

ā=1

Hq
b ∇kDqh̄ dba Daā d̄āh̄ = 2

4∑

q=1

4∑

b=1

4∑

h̄=1

Hq
b ∇kDqh̄ Dbh̄.

In these calculations we used (6.25), the skew-symmetry d and d̄, and the equality

4∑

b=1

Hq
b dba =

4∑

b=1

dqb Ha
b . (7.22)

The equality (7.22) is easily derived from (6.17). And finally, we need to transform
the second term in the left hand side of (7.20):

4∑

r=1

4∑

q=1

4∑

b=1

4∑

h̄=1

Hq
s ∇kDqh̄ Dbh̄ Hr

b Drr̄ = −

4∑

s̄=1

4∑

q=1

4∑

b=1

4∑

h̄=1

Hq
s ∇kDqh̄×

×Dbh̄ Dbs̄ H s̄
r̄ = −

4∑

q=1

4∑

h̄=1

Hq
s ∇kDqh̄ H h̄

r̄ = −
4∑

q=1

4∑

h̄=1

Hq
s ∇k(Dqh̄ H h̄

r̄ ) =

=

4∑

q=1

4∑

r=1

Hq
s ∇k(Hr

q Drr̄) =

4∑

q=1

4∑

r=1

Hq
s Hr

q ∇kDrr̄ = ∇kDsr̄.

(7.23)
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In deriving (7.23) we used the equalities (6.20), (6.25), and (7.14). Now, substi-
tuting (7.23) back into (7.20) and recalling that the third, the fourth, and the fifth
terms in the left hand side of this equality do vanish, we find that (7.20) is reduced
to ∇kDsr̄ = 0. Thus, ∇D = 0. The theorem 7.4 is proved. �

Definition 7.8. A real spinor connection (Γ, A, Ā) of the bundle of Dirac spinors
DM concordant with the spin-metric tensor d and with Dirac γ-field γ is called a
metric connection.

According to the above theorems 7.2, 7.3, 7.4, a metric connection (Γ, A, Ā) is
concordant with the metric tensor g, with the chirality operator H, with the Dirac
form D, and with many other fields produced from these basic fields.

8. Explicit formulas.

Let (Γ, A, Ā) be a metric connection of the bundle of Dirac spinors DM . Since
∇g = 0 for this connection, its Γ-components are uniquely determined by the
torsion tensor T. They are given by the explicit formula (4.34). If T = 0, this
formula reduces to (4.35). Our goal in this section is to study A-components of
a metric connection. Its Ā-components then are expressed through A-components
according to the formula (7.11).

In order to derive an explicit formula for the A-components of a metric connection
we introduce some auxiliary objects. Using the chirality operator H, we define two

projector operators
•

H and
◦

H by means of the following formulas:

•

H =
id+H

2
,

◦

H =
id−H

2
. (8.1)

Their components are given by the formulas

•

Hi
j =

δi
j + Hi

j

2
,

◦

Hi
j =

δi
j −Hi

j

2
, (8.2)

Due to (8.1) and (8.2) we have the expansions

id =
•

H +
◦

H, δi
j =

•

Hi
j +

◦

Hi
j . (8.3)

Now, relying on the expansion (8.3), we introduce the following quantities:

••

γ i
jm =

4∑

r=1

4∑

s=1

•

Hi
r

•

Hs
j γ r

sm,
◦◦

γ i
jm =

4∑

r=1

4∑

s=1

◦

Hi
r

◦

Hs
j γ r

sm, (8.4)

◦•

γ i
jm =

4∑

r=1

4∑

s=1

◦

Hi
r

•

Hs
j γ r

sm,
•◦

γ i
jm =

4∑

r=1

4∑

s=1

•

Hi
r

◦

Hs
j γ r

sm. (8.5)

From (8.4), (8.5), and from the expansion (8.3) we derive the reconstruction formula

γ i
jm =

••

γ i
jm +

•◦

γ i
jm +

◦•

γ i
jm +

◦◦

γ i
jm. (8.6)
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By means of direct calculations we find that the quantities (8.4) are identically zero:
••

γ i
jm = 0 and

◦◦

γ i
jm = 0. Therefore, the expansion (8.6) reduces to the following one:

γ i
jm =

•◦

γ i
jm +

◦•

γ i
jm.

Now let’s proceed with the A-components of a metric connection (Γ, A, Ā). By
analogy to the formulas (8.4) and (8.5) we introduce the following quantities:

••

Ai
kj =

4∑

r=1

4∑

s=1

•

Hi
r

•

Hs
j Ar

ks,
◦◦

Ai
kj =

4∑

r=1

4∑

s=1

◦

Hi
r

◦

Hs
j Ar

ks, (8.7)

◦•

Ai
kj =

4∑

r=1

4∑

s=1

◦

Hi
r

•

Hs
j Ar

ks,
•◦

Ai
kj =

4∑

r=1

4∑

s=1

•

Hi
r

◦

Hs
j Ar

ks . (8.8)

In this case the quantities (8.7) are not necessarily zero. Therefore, we have all of
the four terms (8.7) and (8.8) in the expansion

Ai
kj =

••

Ai
kj +

•◦

Ai
kj +

◦•

Ai
kj +

◦◦

Ai
kj . (8.9)

A metric connection (Γ, A, Ā) is concordant with γ and H. Hence, from ∇γ = 0
and ∇H = 0 we derive the following equalities:

∇k

•

Hi
j = 0, ∇k

◦

Hi
j = 0, ∇k

•◦

γ i
jm = 0, ∇k

◦•

γ i
jm = 0. (8.10)

Applying the formula (7.10) to the first equality (8.10), we get

LΥk
(

•

H i
s) +

4∑

r=1

Ai
kr

•

Hr
s −

4∑

r=1

Ar
ks

•

Hi
r = 0. (8.11)

Let’s multiply (8.11) by
◦

Hs
j and sum it over the index s:

4∑

s=1

◦

Hs
j LΥk

(
•

Hi
s) +

4∑

s=1

4∑

r=1

Ai
kr

•

Hr
s

◦

Hs
j −

4∑

s=1

4∑

r=1

•

Hi
r

◦

Hs
j Ar

ks = 0. (8.12)

The projectors (8.1) are complementary to each other. Therefore their product is

zero:
•

H ·
◦

H = 0. Applying this equality to (8.12) we derive

•◦

Ai
kj =

4∑

s=1

◦

Hs
j LΥk

(
•

Hi
s). (8.13)

In a similar way from the second equality (8.10), we obtain

◦•

Ai
kj =

4∑

s=1

•

Hs
j LΥk

(
◦

Hi
s). (8.14)
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Now let’s apply the formula (7.10) to the third and to the fourth equalities (8.10).
As a result we get the following two formulas:

LΥk
(
•◦

γ a
bm) +

4∑

r=1

Aa
kr

•◦

γ r
bm −

4∑

r=1

Ar
kb

•◦

γ a
rm =

3∑

r=0

Γr
km

•◦

γ a
br, (8.15)

LΥk
(
◦•

γ a
bm) +

4∑

r=1

Aa
kr

◦•

γ r
bm −

4∑

r=1

Ar
kb

◦•

γ a
rm =

3∑

r=0

Γr
km

◦•

γ a
br. (8.16)

In order to transform (8.15) and (8.16) we need some identities for the γ-symbols
(8.5). From the identity (6.23) we derive two formulas

3∑

m=0

3∑

n=0

•◦

γ a
bm gmn •◦

γ e
hn = 2

•

dae
◦

dbh, (8.17)

3∑

m=0

3∑

n=0

◦•

γ a
bm gmn ◦•

γ e
hn = 2

◦

dae
•

dbh. (8.18)

In the formulas (8.17) and (8.18) we used the following notations:

•

dae =

4∑

r=1

4∑

s=1

•

Ha
r drs

•

He
s,

◦

dae =

4∑

r=1

4∑

s=1

◦

Ha
r drs

◦

He
s,

(8.19)
•

dbh =

4∑

r=1

4∑

s=1

•

Hr
b drs

•

Hs
h,

◦

dbh =

4∑

r=1

4∑

s=1

◦

Hr
b drs

◦

Hs
h.

The matrices (8.19) are skew-symmetric and degenerate. However, in some cases
they can be used for raising and lowering spinor indices:

••

Akij =

4∑

s=1

••

As
ki

•

dsj ,
◦◦

Akij =

4∑

s=1

◦◦

As
ki

◦

dsj ,

••

Ai
kj =

4∑

s=1

••

Akjs

•

dsi,
◦◦

Ai
kj =

4∑

s=1

◦◦

Akjs

◦

dsi. (8.20)

Applying the formula (8.17) to (8.15), we derive the following equality:

1

2

3∑

m=0

3∑

n=0

LΥk
(
•◦

γ a
bm) gmn •◦

γ e
hn +

4∑

r=1

Aa
kr

•

dre
◦

dbh−

−
4∑

r=1

Ar
kb

•

dae
◦

drh =
1

2

3∑

m=0

3∑

n=0

3∑

r=0

Γr
km

•◦

γ a
br gmn •◦

γ e
hn,

(8.21)

Let’s multiply (8.21) by
•

Hq
a

◦

Hb
j and sum over the indices a and b. Then we get

1

2

3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

LΥk
(
•◦

γ a
bm) gmn •◦

γ e
hn

•

Hq
a

◦

Hb
j +

4∑

r=1

••

Aq
kr

•

dre
◦

djh−

−
◦◦

Akjh

•

dqe =
1

2

3∑

m=0

3∑

n=0

3∑

r=0

Γr
km

•◦

γ q
jr gmn •◦

γ e
hn.

(8.22)
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Now let’s multiply (8.22) by
•

deq and sum over the indices e and q. This yields

2
◦◦

Akjh =
1

2

3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

4∑

e=1

LΥk
(
•◦

γ a
bm) gmn •◦

γ e
hn

◦

Hb
j

•

dea +

+
4∑

r=1

••

Ar
kr

◦

djh −
1

2

3∑

m=0

3∑

n=0

3∑

r=0

4∑

e=1

4∑

q=1

Γr
km

•◦

γ q
jr gmn •◦

γ e
hn

•

deq.

(8.23)

Then let’s raise the lower index h in (8.23) by means of the matrix
◦

dhi, i. e. applying

the second formula (8.20) to
◦◦

Akjh in the left hand side. As a result we get

◦◦

Ai
kj =

1

4

3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

LΥk
(
•◦

γ a
bm) gmn ◦•

γ i
an

◦

Hb
j +

+
1

2

4∑

r=1

••

Ar
kr

◦

Hi
j −

1

4

3∑

m=0

3∑

n=0

3∑

r=0

4∑

q=1

Γr
km

•◦

γ q
jr gmn ◦•

γ i
qn.

(8.24)

Acting in a similar way, i. e. applying the formula (8.18) to (8.16) and then
performing some calculations analogous to the above ones, we derive the formula

••

Ai
kj =

1

4

3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

LΥk
(
◦•

γ a
bm) gmn •◦

γ i
an

•

Hb
j +

+
1

2

4∑

r=1

◦◦

Ar
kr

•

Hi
j −

1

4

3∑

m=0

3∑

n=0

3∑

r=0

4∑

q=1

Γr
km

◦•

γ q
jr gmn •◦

γ i
qn.

(8.25)

Remember that for a metric connection ∇d = 0 and ∇H = 0. Then from (8.2) and

(8.19) we get the following equalities for
•

dab and
◦

dab:

∇k

•

dab = 0, ∇k

◦

dab = 0. (8.26)

In an expanded form these equalities (8.26) are written as

LΥk
(

•

dab)−

4∑

r=1

Ar
ka

•

drb −

4∑

r=1

Ar
kb

•

dar = 0, (8.27)

LΥk
(

◦

dab)−

4∑

r=1

Ar
ka

◦

drb −

4∑

r=1

Ar
kb

◦

dar = 0. (8.28)

Let’s multiply (8.27) by
•

dba and multiply (8.28) by
◦

dba. Then let’s sum both
equalities over the indices a and b. As a result we get

4∑

r=1

••

Ar
kr =

1

2

4∑

a=1

4∑

b=1

LΥk
(

•

dab)
•

dba,

4∑

r=1

◦◦

Ar
kr =

1

2

4∑

a=1

4∑

b=1

LΥk
(

◦

dab)
◦

dba.
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Substituting these formulas back into (8.24) and (8.25), we derive

◦◦

Ai
kj =

1

4

3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

LΥk
(
•◦

γ a
bm) gmn ◦•

γ i
an

◦

Hb
j +

+
1

4

4∑

a=1

4∑

b=1

LΥk
(

•

dab)
•

dba
◦

Hi
j −

1

4

3∑

m=0

3∑

n=0

3∑

r=0

4∑

q=1

Γr
km

•◦

γ q
jr gmn ◦•

γ i
qn,

(8.29)

••

Ai
kj =

1

4

3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

LΥk
(
◦•

γ a
bm) gmn •◦

γ i
an

•

Hb
j +

+
1

4

4∑

a=1

4∑

b=1

LΥk
(

◦

dab)
◦

dba
•

Hi
j −

1

4

3∑

m=0

3∑

n=0

3∑

r=0

4∑

q=1

Γr
km

◦•

γ q
jr gmn •◦

γ i
qn.

(8.30)

The formula (8.29) is an analog of the formula (4.57), while (8.30) is an analog of
(4.62). Moreover, these formulas are reduced to the corresponding formulas (4.57)
and (4.62) if we choose a spinor frame (U, Ψ1, Ψ2, Ψ3, Ψ4) concordant with the
expansion (5.1). This fact leads to the following theorem.

Theorem 8.1. Any metric connection (Γ, A, Ā) of the bundle of Dirac spinors

DM is a unique extension of some metric connection of the chiral bundle SM .

According to the formula (8.9), the final step in deriving an explicit formula for
the A-components of a metric connection (Γ, A, Ā) is to add the above four formulas
(8.13), (8.14), (8.29), and (8.30). This yields

Ai
kj =

4∑

b=1

◦

Hb
j LΥk

(
•

Hi
b) +

4∑

b=1

•

Hb
j LΥk

(
◦

Hi
b)+

+
3∑

m=0

3∑

n=0

4∑

a=1

4∑

b=1

LΥk
(
•◦

γ a
bm) gmn ◦•

γ i
an

◦

Hb
j + LΥk

(
◦•

γ a
bm) gmn •◦

γ i
an

•

Hb
j

4
−

−
3∑

m=0

3∑

n=0

3∑

r=0

4∑

q=1

Γr
km

•◦

γ q
jr gmn ◦•

γ i
qn + Γr

km

◦•

γ q
jr gmn •◦

γ i
qn

4
+

+
1

4

4∑

a=1

4∑

b=1

LΥk
(

•

dab)
•

dba
◦

Hi
j +

1

4

4∑

a=1

4∑

b=1

LΥk
(

◦

dab)
◦

dba
•

Hi
j .

(8.31)

This formula (8.31) can be simplified a little bit. For this purpose we need the
following identities derived from the formula (6.23):

3∑

m=0

3∑

n=0

•◦

γ a
bm gmn ◦•

γ e
hn = 2

•

Ha
h

◦

He
b, (8.32)

3∑

m=0

3∑

n=0

◦•

γ a
bm gmn •◦

γ e
hn = 2

◦

Ha
h

•

He
b. (8.33)

The identities (8.32) and (8.33) are analogous to (8.17) and (8.18). Before applying
them to (8.31) we need to set e = i and h = a in them and then sum over the index
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a. As a result we transform them to the following two identities:

4∑

a=1

3∑

m=0

3∑

n=0

•◦

γ a
bm gmn ◦•

γ i
an = 4

◦

Hi
b,

4∑

a=1

3∑

m=0

3∑

n=0

◦•

γ a
bm gmn •◦

γ i
an = 4

•

Hi
b.

Now, applying these identities to the second line in (8.31), we derive

Ai
kj =

4∑

a=1

4∑

b=1

LΥk
(

•

dab)
•

dba
◦

Hi
j + LΥk

(
◦

dab)
◦

dba
•

Hi
j

4
+

+

3∑

m=0

3∑

n=0

4∑

a=1

LΥk
(
•◦

γ a
jm) gmn ◦•

γ i
an + LΥk

(
◦•

γ a
jm) gmn •◦

γ i
an

4
−

−

3∑

m=0

3∑

n=0

3∑

r=0

4∑

a=1

Γr
km

•◦

γ a
jr gmn ◦•

γ i
an + Γr

km

◦•

γ a
jr gmn •◦

γ i
an

4
.

(8.34)

A metric connection is a real connection. According to (7.11), the Ā-components

of a metric connection are obtained from Ai
kj by complex conjugation:

Āi
kj = Ai

kj . (8.35)

Theorem 8.2. For any skew-symmetric real spin-tensorial field T of the type

(0, 0|0, 0|1, 2) there is a unique metric connection (Γ, A, Ā) in DM with the tor-

sion tensor T. Its components in an arbitrary frame pair (U, Υ0, Υ1, Υ2, Υ3)
and (U, Ψ1, Ψ2, Ψ3, Ψ4) are given by the formulas (4.34), (8.34), and (8.35).

Corollary 8.1. The components of a real metric connection (Γ, A, Ā) with zero

torsion T = 0 for the bundle of Dirac spinors SM are given by the explicit formulas

(4.35), (8.34), and (8.35).

The theorem 8.2 and the corollary 8.1 are analogous to the theorem 4.3 and its
corollary 4.2 in the case of chiral spinors. As for the relation of metric connections
of Dirac and chiral spinors, it is described by the theorem 8.1
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