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«Just an instance short as a wink is between the future and
the past, this very instance is called lifel» These are the words
from the song for the movie «Sannikov Land». They could not
be better suited as an epigraph to this book.

For a person this instance is his current thoughts and feelings.
Or the actions that he is performing now. For the universe this
instance is stretched across all its vast expanses and includes
all the events that are happening now, no matter how far away
from us they are. Such an instance can be imagined as a
three-dimensional film or membrane, which for brevity is called
a 3D-brane. It separates the four-dimensional bulk of the past
from the four-dimensional bulk of the future.

In his theory of relativity Albert Einstein combined space and
time into one four-dimensional continuum. He forbade drawing a
boundary between the past and the future in such a continuum,
calling it conditional and dependent on the observer. According
to the author of this e-book, now it is time to return to the
ideas of Isaac Newton and draw a boundary between the past
and the future. But now, at a new stage of development, this
boundary is no longer flat, but it is flexible. It can bend, which
manifests itself through gravitational lensing. This boundary can
also stretch, which manifests itself in the form of the expansion
of the universe and in the scattering of distant galaxies in all
directions from us.

As a bonus in the new theory, which is presented in this
book, there is the opportunity to move faster than the speed
of light. It is realized in dark matter particles which are called
superbradyons. These particles were invented by Luis Gonzalez-
Mestres. He also gave them this name — superbradyons.
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PREFACE.

In the history of physics there were periods of steady ac-
cumulation and recognizing the knowledge about nature which
alternated with periods of revolutionary changes of our views of
nature. One of such periods of revolutionary changes is associ-
ated with the emergence of Albert Einstein’s theory of relativity
and with the emergence of quantum mechanics which was au-
thored by several scientists. As to me, unlike the opinion of
many others, this revolutionary period is not yet finished and we
can expect some corrections to the picture of the world that was
drawn by the theory of relativity and quantum mechanics.

The 3D-brane universe model is a new non-Einsteinian theory
of gravity that is based on criticism and some adjustment of the
concept of spacetime. In this book we present the first part
of this theory covering the period of its development from the
summer of 2022 to the spring of 2024. It includes

— an exposition of arguments in favor of the need to make
changes to the theory of relativity;

— a formulation of the basic concepts of the new theory;

— a derivation of the equations of gravity in the new theory;

— a derivation of the total energy conservation law in the new
theory;

— a derivation of formulas for the density of energy of a gravita-
tional field and for the density of energy flux of a gravitational
field in the new theory;

— a description of the motion of classical (non-quantum) matter
particles in a gravitational field within the framework of the
new theory.

The content of further parts of the new theory will be determined
over time as it further develops.

August 2024. R. A. Sharipov.



CHAPTER 1

BASIC CONCEPTS AND STRUCTURES.

§ 1. Criticism of spacetime.

Spacetime is a four-dimensional continuum that was con-
structed by joining three-dimensional space and one-dimensional
time. It is in the basis of both special and general relativity
(see [1-3]). In special relativity it is a flat continuum. In general
relativity this continuum is endowed with a curvature determined
by the gravitational field in it.

Points of spacetime are called events, while spacetime itself
comprises all events that have happened anywhere and at any
time. This means that it comprises the past, the present, and
the future. The boundary between the past and the future in
the theory of relativity is fuzzy, it depends on the observer. This
circumstance is called the relativity of simultaneity. It leads to a
paradox which is called the Andromeda paradox (see [4] and [5],
pp. 303-304). In a slightly different formulation it is known as
the Napoleon paradox (see [6]).

In philosophical literature the Andromeda paradox is known as
the Rietdijk-Putnam argument (see [7] and [8]). It is considered
an argument for the four-dimensionality of the physical universe.
However, in reality it demonstrates a contradiction between four-
dimensionality and common sense.

Instead of considering the entire universe, we can limit our-
selves to some part of it. For example to the Earth Globe. Then
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we will get a cylindrical struc-
ture shown in Fig. 1.1. Such a
cylindrical structure resembles a
sausage in shape. Therefore we
can call it a spacetime sausage.
This sausage contains the en-
tire history of the planet Earth,
which includes the period of the
gas-dust cloud and the primary
Earth, the period of the appear-
ance of liquid water and the ori-
gin of life, the era of dinosaurs,
the era of mammals, the appear-
ance of Homo sapiens, our present, i.e. the current moment in
time, and our entire future.

The main question addressed to the theory of relativity and
related to spacetime is formulated as follows.

QUESTION 1.1. Is four-dimensional spacetime a physical con-
tinuum? Or is it just a product of our minds — a mathematical
abstraction to which nothing corresponds in reality?

This question is discussed among philosophers (see [9]). Physi-
cists avoid it, relying on the authority of Einstein’s theory of
relativity. In this theory spacetime is considered a physical con-
tinuum by default. Indeed, in it the equations of gravity are
written in a four-dimensional formalism, Maxwell’s equations of
electrodynamics are rewritten in a four-dimensional form, and
the equations of motion of material bodies and various material
media also tend to be brought to a four-dimensional form.

The choice in favor of the conviction that spacetime is a
physical continuum is a responsible decision. It follows from this
choice that the spacetime sausage containing the entire history
of the Earth is a physical object. It contains in its original
form the gas-dust cloud and the primary hot Earth, the first
oceans with the first bacteria, dinosaurs, and mammoths with

CopyRight (¢) Sharipov R.A., 2025.



8 CHAPTER I. BASIC CONCEPTS AND STRUCTURES.

saber-toothed tigers. Moreover, the spacetime sausage contains
our entire future, which has not yet arrived.

Since the past does not disappear, being preserved in the
spacetime sausage, and since the future is predetermined and
already formed in the spacetime sausage, Einstein’s theory of
relativity admits the potential possibility to travel back to
the past and forward to the future. Although the mecha-
nism for such travels is not spelled out, they are very pop-
ular in the genre of science fiction. But neither in Ein-
stein’s time nor now have there been or are there any
experimental demonstrations of time travel. Therefore,
the position that spacetime is a physical continuum is
an unproven and controversial point in the foundations
of Einstein’s theory of relativity.

§ 2. Three-dimensional universe and its
presentation in the form of 3D-branes.

Returning to the main question 1.1, we emphasize that, unlike
the theory of relativity, the answer to it in the new theory is
negative. This means that spacetime is not a physical continuum.
However, we do not completely abandon the concept of four-
dimensional spacetime and use it as a valuable mathematical
tool for selectively transferring some individual results from the
theory of relativity to the new theory.

Spacetime in the theory of relativity is a four-dimensional
manifold equipped with three geometric structures: 1) a pseudo-
Riemannian metric with the signature (+,—.—, —), 2) an orien-
tation, 3) a polarization (see [3]). An observer in the theory
of relativity is an animate object whose dimensions are small
compared to planets, stars, and galaxies so that it can be con-
sidered as a point object. The motion of observers in spacetime
is depicted in the form of their world lines. Figure 2.1 (see
below) shows the world lines of two observers. At each point
they pass inside light cones determined by the spacetime metric.
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The motion of observers along

B Obs; Obs, their world lines goes from the
B’ past through the present to the

future, which is determined by

P the polarization of spacetime. In

A H Al our case, this is the motion from

</j Y bottom to top.
Let us consider separately the
/ ¢ ' first observer in Fig. 2.1. Let
the point A be the point of the
Fig. 2.1 present for the first observer. It
has material existence, i.e. it has
a prototype in the real physical universe. The point C is the
point of the past for the first observer. It had, but lost its
material existence, remaining in the past. The point B, the
point of the future for the first observer, has not yet acquired
its material existence. Thus, on each world line at each moment
only one point has material existence. This property (material
existence) is transient. It passes from one point to another as

events unfold in the real physical universe.

Let us consider again the first observer in Fig. 2.1, who is at
the point A in his present. Being at this point, he understands
that at this moment he is not alone in the universe. Somewhere
there is some second observer, who at this moment is at some
point A’ on his world line. We know that instantaneous data
transmission is forbidden in the theory of relativity. It is for-
bidden in the new theory as well. The points A and A’ are not
connected to each other by any signals. They have only one
thing in common — joint material existence. Joint material
existence between points A and A’ exists in the present. But such
a connection between points of two world lines could have existed
in the past and can be formed in the future. For example, the
point C' on the world line of the first observer could have joint
material existence with some point C’ on the world line of the
second observer if the second observer existed at that moment,
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i.e. if he was born, but has not yet died. Similarly, the point
B on the world line of the first observer will have joint material
existence with some point B’ on the world line of the second
observer if the second observer will exist at that moment, i.e. if
he will be born, but will not have died yet.

In what follows we consider the property of joint material
existence as a binary equivalence relation (see [10] or §2 in
Chapter I of [11]) on spacetime regardless of when it occurs — in
the past, in the present, or in the future. We do not restrict it to
points on world lines of animate observers and extend it to points
on world lines of inanimate objects, as well as to vacuum points in
interstellar space and to vacuum points inside vacuum chambers
of man-made apparata. The binary relation of joint material
existence partitions spacetime into pairwise disjoint classes of
joint material existence. One of such classes, namely the class
of joint material existence of the points A and A’, is depicted in
Fig. 2.1 in the form of a colored spot.

Speculatively the form and structure of classes of joint material
existence can be any. They can be smooth structures, or fractals,
or even completely structureless sets. But we prefer to deal with
smooth structures and postulate that they are smooth orientable
three-dimensional manifolds, i.e. 3D-branes.

The 3D-branes of classes of joint material existence are subject
to the natural requirement of spacelikeness. It means that at all
their points the tangent hyperplanes to these branes intersect the
corresponding light cones only at their vertices.

From the above the following picture of the world is formed in
the new theory. The real physical universe is three-dimensional.
It evolves and each moment of its evolution is depicted in the
form of a 3D-brane in four-dimensional spacetime. These 3D-
branes fill the entire spacetime with the possible exception of
one point, which corresponds to the Big Bang (see [12]). Thus,
the new theory of gravity considered in this book denies the
material existence of the entire spacetime as a whole and turns it
into a collection of mathematical images of the real physical uni-
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verse obtained at different moments of its evolution. It endows
the spacetime of the theory of relativity with one more geometric
structure — a foliation of spacelike 3D-branes. In what follows we
shall consider spacetime as a four-dimensional manifold equipped
with four geometric structures: 1) a pseudo-Riemannian metric
with the signature (+,—.—,—), 2) an orientation, 3) a polar-
ization, 4) a foliation of spacelike 3D-branes filling it entirely
with the exception of perhaps one point corresponding to the
Big Bang. Spacetime with such structures serves as a factor of
continuity and a bridge between the theory of relativity and the
new theory.

§3. The field of unit normals and
comoving spacial coordinates.

According to the results of the previous section, spacetime
is now equipped with a foliation of spacelike 3D-branes. The
3D-branes fill the entire spacetime except for perhaps one point
corresponding to the Big Bang. If we exclude this point, then
through each of the remaining points P there passes exactly
one 3D-brane. The spacelikeness of the branes means that the
perpendiculars to them are timelike. The orientability of the
branes and the presence of a metric and polarization in space-
time allow us to choose unit normal vectors to the branes n(P)
directed toward the future and changing smoothly when moving
from point to point within indi-
vidual branes and when moving
from one brane to another:

In(P)| = 1. (3.1)

The unit normal vectors (3.1) to
the branes constitute a smooth
vector field in the foliation of
Fig. 3.1 3D-branes. This vector field is
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shown in Fig. 3.1. We cannot draw three-dimensional branes in a
four-dimensional space, therefore in the figure they are drawn in
the form of two-dimensional branes in a three-dimensional space.

Every vector field has a fam-
ily of field lines associated with
it (see [13]). These are lines
whose tangent vector at each
of their points is directed along
the field vector at that point.
Field lines of unit normals n are
shown in Fig. 3.2.

The concept of a field line is
very similar to the concept of an integral line for a vector field
(see [14]). The difference is in the parameterization. Integral lines
of a vector field are parametric lines whose tangent vector in their
parameterization at each of their points coincides with the field
vector at that point. Geometrically, as sets of points, integral
lines of a vector field coincide with its field lines. Therefore in
what follows we shall not make a distinction between the field
lines and the integral lines of the vector field n in Fig. 3.2.

Let us choose some arbitrary curvilinear coordinates x, y, z
on one of the 3D-branes in Fig. 3.2, say on the lower one, and
introduce the notation:

Fig. 5.2

! =1, 2 =y, 3=z (3.2)

The use of superscripts for numbering coordinates of vectors and
some other indexing conventions are believed to have been in-
vented by Einstein. They constitute Einstein’s tensorial notation
for the use of indices (see § 20 in Chapter I of [15]).

Using the field lines of the unit normal vector field n (see
Fig. 3.2), the coordinates (3.2) can be extended from an initially
chosen 3D-brane to all other branes, both upwards to the future
and downwards to the past. The coordinates obtained in this
way are called comoving coordinates.
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DEFINITION 3.1. Three smooth functions x, y, z defined glob-
ally in the entire spacetime or locally in some region of it are
called comoving spacial coordinates if their values do not change
when moving along field lines of the unit vector field perpen-
dicular to the 3D-branes and if they become global or local
coordinates on a brane after restriction to any of the 3D-branes.

The choice of comoving coordinates is not unique. We can
replace the initially chosen comoving coordinates by others. Such
a replacement of comoving coordinates is carried out within some
individual 3D-brane and then it extends to all other branes.
Therefore we obtain the following formulas for the transition
from some initially chosen comoving spacial coordinates to any
other comoving spacial coordinates:

:'i,l :.’il(.’lfl,x2,f1?3), .’1}'1 :.’131(531,.%2,.%3),
532 :fi2(x y & ,%3), x2 :xz(‘%laiza‘%:g% (3 3)
7 =33 (2t 2?, 2%), 23 =232, 22, 23)

Spacetime is four-dimensional. But in (3.3) we see only three
coordinates. The fourth coordinate does not participate in the
replacement of comoving coordinates.

§4. Comoving observers and the state
of absolute rest.

Let’s recall that 3D-branes, which constitute the new fourth
geometric structure in spacetime, are spacelike hypersurfaces.
The unit vectors normal to them are timelike vectors. This
means that the field lines of the unit vectors normal to the branes,
shown in Fig. 3.2, can serve as worldlines of some observers in
spacetime. Such observers are called comoving observers.

DEFINITION 4.1. Observers whose comoving coordinates do
not change over time are called comoving observers.
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Comoving observers move perpendicular to the 3D-branes from
the past to the future. They do not move in the direction
along the branes. Therefore, they are considered to be at rest.
This is the state of absolute rest, since it is not tied to any
material objects in the universe. Comoving coordinates form a
dedicated coordinate systems in the universe that define the state
of absolute rest.

QUESTION 4.1. Is the presence of dedicated coordinates defin-
ing the state of absolute rest a necessary condition in the new
theory?

The answer to this question is negative. Dedicated coordinates
appear in the new theory because we do not completely reject the
legacy of Einstein’s theory of relativity and retain the concept
of spacetime, though we lower its status to the level of an
immaterial mathematical abstraction. In principle, it is possible
to construct a theory of a three-dimensional universe without
using the concept of spacetime. In such a theory, there may be
no dedicated coordinate systems and no state of absolute rest.

QUESTION 4.2. Is the presence of dedicated coordinates that
define the state of absolute rest a return to the ether theory?

Yes, to some extent. Although the classical luminiferous ether
of the 19th century is the medium in which light propagates.
In our case, comoving coordinates and the state of absolute rest
determined by them are not related to any material medium.

QUESTION 4.3. Is the presence of dedicated coordinates defin-
ing the state of absolute rest a return to absolute Newtonian three-
dimensional space?

Yes, to some extent. But Newtonian three-dimensional space
is flat and unchanging. In our case, the metric on different 3D-
branes can be different and non-flat. This means that the metric
in our three-dimensional universe can be non-flat and change over

CopyRight (¢) Sharipov R.A., 2025.
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time. That is, the universe in our theory can expand or contract
in some individual regions or globally as a whole.

§5. Membrane time.

DEFINITION 5.1. A smooth numerical function ¢ on spacetime
is called membrane time if its values do not change within each
3D-brane of the foliation of 3D-branes and if it increases strictly
monotonically in the direction from the past to the future.

We know that 3D branes correspond to different stages in
the evolution of the real three-dimensional universe. Membrane
time numbers these stages assigning each of them some numerical
value from the set of real numbers.

The choice of membrane time is not unique. The replacement
of one membrane time by another is given by the formulas

t=1(t), t = t(1). (5.1)

The transformations (5.1) are called membrane time scaling
transformations. Smooth functions of one variable in (5.1) are
subject to additional conditions

dt dt
—>0 —>0. 5.2
dt ’ dt (5:2)

The conditions (5.2) ensure strict monotonicity of the functions
t(t) and t(t) in the formulas (5.1).

When applied to the real three-dimensional physical universe,
membrane time is a global time, it is defined throughout the
universe and is the same at all its points. But, being simply a
marker numbering 3D-branes and distinguishing them from each
other in the foliation of 3D-branes, membrane time does not have

to coincide with the time measured by any device.
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§6. The equidistance postulate and
abandonment of it.

The first version of the new theory of gravity, the name of
which coincides with the title of this book, was developed in a
series of publications [16-21]. The works [16-21] were preceded
by the work [22]. The results of the works [16-21] were reported
at the conferences [23-27]. The first version of the theory was
constructed using the following equidistance postulate.

PosTULATE 6.1. For any two 3D-branes from the foliation of
3D-branes in spacetime the lengths of all segments of the field lines
in Fig. 3.2 enclosed between these two 3D-branes are the same.

Later I realized that the equidistance postulate 6.1 is not
needed. In the second version of the theory it was excluded,
see the works [28-33] and the conference abstracts [34-37]. The
second version of the theory without the equidistance postulate
is more general. Therefore it is presented further in this book.



CHAPTER 1II

GRAVITATIONAL FIELD EQUATIONS.

§1. Speed of light and its analogs.

The speed of light in vacuum is the speed of propagation
of electromagnetic waves in empty space. Accordingly we shall
denote it by co. Generally speaking this is an experimen-
tally measurable quantity. However, in 1983 by resolution No. 1
adopted at the 17th meeting the General Conference on Weights
and Measures decided to define the standard of length of 1 meter
through the speed of light in vacuum. After that the quantity ce
received an exact numerical value

Col = 299792458 m /s (1.1)

(see [38]). In addition to the unit of length, the formula (1.1)
uses a unit of time. This is the second. Since 1967, one second
has been defined as 9192631770 periods of oscillations of the
radiation corresponding to the transition between two levels of
the hyperfine structure in the ground state of the cesium-133
isotope atom (see [39] and [40]).

In Einstein’s theory of relativity the speed of light plays many
roles. In addition to determining the speed of propagation
of electromagnetic waves it is present in the equations of the
gravitational field and it determines the speed limit of motion of
massive material bodies. The material bodies that we observe
in everyday life consist of matter that in astrophysics is called
light or baryonic matter. In addition to it, there is so-called dark
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matter (see [41]). It is not detected by direct observations and
experiments. Its presence is confirmed indirectly by determining
the speeds of stars on the outskirts of galaxies (see [42]) and
through gravitational lensing (see [43]). Since there is currently
no way to experimentally measure the maximum speed for dark
matter, there is no reason to believe that this speed coincides
with the constant (1.1). In this book we shall consider four speed
constants. They are

Cel, Cgr, Cbr, Cnb- (12)

The first constant (1.2) coincides with the constant (1.1). The
second is used in the gravity equations. The third is the limiting
speed for baryonic matter. The fourth constant is the limiting
speed for non-baryonic matter. Since we currently know nothing
about the structure of dark matter, we assume that it can be
divided into several sorts and each sort of dark matter can have
its own value of the constant c,,.

In the new theory of gravity, which is considered in this
book, there are no a priori prohibitions on all the constants
(1.2) being different. And if an experiment shows that some of
them coincide, then this must be given a separate theoretical
justification. We do not consider Einstein’s theory of relativity
to be such a justification due to the objections to it that were
expressed in §1 from the first chapter of this book.

§2. Reduction of a four-dimensional
metric to a three-dimensional one.

Based on the criticism of spacetime in §1 of the first chap-
ter, we have reduced its status to the level of a mathematical
abstraction, to which no real four-dimensional physical space
corresponds. However, in the new theory we do not abandon
the concept of spacetime completely, retaining it as a useful
mathematical abstraction.
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In § 2 of Chapter 1, it was said that spacetime is equipped with
four geometric structures: 1) a pseudo-Riemannian metric with
the signature (+,—.—,—), 2) an orientation, 3) a polarization,
4) a foliation of spacelike 3D-branes filling it entirely except for
perhaps one point corresponding to the Big Bang. The first
three of these structures are borrowed from Einstein’s theory of
relativity. The fourth is added in the new theory based on the
arguments in §2 of Chapter 1. Let us examine the role of these
structures. The orientation prevents left and right from mixing
in dimension four and prevents spacetime from being something
bad like a M&bius strip (see [44]).

The polarization indicates the direction from the past to the
future. In §3 of the first chapter, it allowed us to choose a field
of unit normals to the 3D-branes directed to the future. The
presence of the first three structures and the spacelikeness of the
3D-branes induces a three-dimensional orientation to them. That
is, in the 3D-branes the left and right in dimension three also
cannot mix and the 3D-branes themselves cannot be something
bad like a Mdbius strip (see [44]). This is natural since 3D-branes
in our theory are images of the real physical universe at different
moments of its evolution.

The pseudo-Riemannian metric is the basic quantitative char-

acteristic of spacetime. In an arbitrary coordinate system 2, x?,

22, 23 it is defined by a symmetric 4 x 4 matrix G. The compo-

nents of this matrix are

Gij = Gjia where 0 < ’i,j < 3. (21)
In §3 of Chapter I we constructed three special spacial coordi-
nates (3.2) associated with the foliation of 3D-branes and the
field of unit normals n to them. They were called comoving co-
ordinates, see definition 3.1. Then, in §5 of Chapter I we defined
the membrane time ¢, see definition 5.1. Using the membrane
time, we complement the spacial comoving coordinates (3.2) to a
complete coordinate system in four-dimensional spacetime:

20 = Cor t, =z, z? =y, 3 =z (2.2)
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Note that in (2.2) we do not use the speed of light ¢ from the
formula (1.1), but we use the second constant from (1.2).
With the coordinates (2.2) the vectors

0 0 0 0
=300 €= 3 @=53 =53 (2.3)
are associated. From the definition 5.1 in the first chapter
it follows that individual 3D-branes can be distinguished by
conditions of the form ¢ = const. Therefore the last three vectors
in (2.3) are tangent to 3D-branes. From the definition 3.1 in the
first chapter it follows that individual field lines of the vector field
n can be distinguished by conditions of the form z! = consty,
22 = consty, 23 = constz. Therefore the vector e is tangent to
the field lines of the field n and is directed to the future along

the normal vector n. Hence

€p

ey L ey, ey L e, ey L es. (2.4)

For the components of the pseudo-Riemannian metric (2.1) in
the coordinates (2.2) the relationships (2.4) mean that

G12 = 07 G13 = 07 G23 = 07

(2.5)
G21 = 07 G31 = 07 G32 =0.

THEOREM 2.1. In the special coordinates (2.2) obtained by
combining the spacial comoving coordinates and membrane time
the matrix of the pseudo-Riemannian metric (2.1) satisfies the
relationships (2.5) and therefore becomes block-diagonal.

Based on the signature (4, —, —, —) of the pseudo-Riemannian
metric in spacetime, we write the result of Theorem 2.1 as

900 0 0 0
0 —g11 —912 —Y13

G = ) 2.6
! 0 —g21 —g22 —g23 (2:6)

0 —g31 —9g32 —Ygs3
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All components of the matrix (2.6) are functions of the coordi-
nates (2.2). They can also be viewed as functions of the three
spacial comoving coordinates and membrane time. No other
coordinate systems will be considered in this book.

The quantities in the lower diagonal block of the matrix (2.6)
define a three-dimensional Riemannian metric on the branes,
which corresponds to the time-dependent Riemannian metric in
the real physical universe:

Gij = gij(t,xl,xz,x?’), where 1<1i4,j < 3. (2.7)

Under the transformations of the comoving coordinates given by
the formulas (3.3) in Chapter I they are transformed as follows:

3 3 3 3 ~ ~
- ZZ ozk oz S L

k=1q=1 k=1gq=1

The formulas (2.8) are the transformation rules for a three-
dimensional tensor field of valence (0, 2).

The quantity ggg from the upper diagonal block of the matrix
(2.6) is a scalar function on 3D-branes, which corresponds to a
time-dependent scalar function in the real physical universe:

goo = ggg(t,xl,x2,x3). (2.9)

Under the transformations of the comoving coordinates given by
the formulas (3.3) in the first chapter the function (2.9) behaves
like a scalar, i.e. it does not change. But under the membrane
time scaling transformation given by the formulas (5.1) in the
first chapter, it transforms as follows:

5 ot\? /oi\?
goo = 900 (8_f> ) goo = oo (E) . (2.10)

The formulas (2.10) are transformation rules for a one-dimensio-
nal tensor field of valence (0, 2).

CopyRight (¢) Sharipov R.A., 2025.
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The quantities (2.7) behave like scalars under the time scaling
transformations given by the formulas (5.1) in the first chapter.
They do not change. Only the time argument in them changes.

The scalar function (2.9) and the components of the metric
(2.7) form a complete set of dynamic variables describing the
gravitational field in the new theory. Due to the symmetry of
the matrix (2.7) the number of such dynamic variables is 7.
For comparison, in Einstein’s theory of relativity the number of
dynamic variables describing the gravitational field is 10.

§ 3. Einstein’s equations.

We shall write Einstein’s equations, which describe the gravi-
tational field in Einstein’s theory of relativity, as follows:

r 8y
Tij - 5 Gij - AG” - CT Tz] (31)
gr

The form of Einstein’s equations (3.1) is slightly different from
that found in Wikipedia [45]. The main difference is the sign
before A. This choice was made to match the notation with the
book [3]. Due to the difference in sign that has arisen we choose
here the value of the cosmological constant that differs in sign
from that of Wikipedia [46]:

A= —1.0905-107%5 em™2. (3.2)

In addition to (3.2) Einstein’s equations (3.1) contain another
constant . This is Newton’s gravitational constant

v 6.674-107% cm® - g7t - 57 (3.3)
which is a part of the law of universal gravitation (see [47] and

[48]). The letter v is used to denote the constant (3.3) to align
the notation with the book [3].
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The quantities Tj; in the right-hand side of the equation
(3.1) are components of the energy-momentum tensor. They are
determined by the fields of matter, including dark matter.

The 7;; quantities in (3.1) are the components of the Ricci
tensor. They are calculated via the components of the metric
(3.1) in several steps. First, the components of the metric
connection are calculated — the Christoffel symbols:

aG aG' aG' y
k E ks S ] %
’Yij G ( ] axj a axs]> ’ (34)

see [49]. Then, using the Christoffel symbols (3.4), the compo-
nents of the curvature tensor are calculated:

oy o
k Jt ’Ys%
Tisj = oxs  Oxi "‘Z'qu 7]% Z%q%z’ (3.5)

see [50]. The components of the Ricci tensor are obtained from
the components of the curvature tensor (3.5) by contraction over
the pair of indices k£ and s:

3
Tij = Z?”fkj, (3.6)

see [51]. The scalar curvature is obtained by contracting the
Ricci tensor (3.6) with the inverse metric tensor:

3 3
r=> Y r;GY, (3.7)

i=0 j=0

see [52]. The components of the inverse metric tensor in (3.4)
and (3.7) are denoted by the letter G with upper indices. They
form the matrix inverse to the matrix (2.1).
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§4. Reduction of the four-dimensional
Ricci tensor to 3D-branes.

The Ricci tensor (3.6) is included in the Einstein equations
(3.1). Its reduction to 3D-branes consists in substituting the
block-diagonal matrix (2.6) into the formulas (3.4), (3.5), and
(3.6). The three-dimensional metric (2.7), which is a part of the
matrix (2.6), defines its own set of Christoffel symbols:

3
b= 23 g (ags.j 1 Ogis ag”) . (4.1)

2 ox’ oxJ oxs

s=1

Some of the Christoffel symbols (3.4) coincide with the Christoffel
symbols (4.1). Namely, it can be shown that

v =Tk for 1<i,j,k<3. (4.2)

The remaining components of the Christoffel symbols (3.4) are
calculated as follows:

-1
Joo 09i; .
V= Ty g0 for 1< <3, (4.3)

05
ks 99sj _
70] 730 Z ° 920

(4.4)
:ZQOUQ ’Ys‘] for 1<k7.]<37
s=1
- dg

q __ s 00
700—§;9q Drs for 1< ¢ <3, (4.5)

1 _{0g
Yo =Voq = 5900 5y for 1<q<3, (4.6)

1 _; 9900

Yoo = 2 900 B0 (4.7)
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The formulas (4.3), (4.4), (4.5), (4.6), and (4.7) are derived from
(3.4) using the formula (2.6).
Next, we define the following quantities:
_ 1 9y

by = 5 Hom (4.8)

In this case we assume that the special coordinates (2.2) are
chosen in (4.8). The quantities (4.8) are the components of the
symmetric tensor field b. Raising indices in (4.8), we produce
the following quantities:

3 3
=3 " by, b= big. (4.9)
s=1 s=1

Using the above quantities (4.8) and (4.9), the formulas (4.3) and
(4.4) can be rewritten as follows:

i, J <3, (4.10)
,J < 3. (4.11)
To calculate the components of the Ricci tensor using the

formula (3.6), not all components of the curvature tensor (3.5)
are needed, but only those for which s = k:

k Ovyi  Onf = N
) .

Thi = o — A+ ) Vv =D v (4.12)
Oz oxJ = =

Applying (4.2), (4.10), and (4.11) to (4.12), we obtain

k _ pk 1k
Tik; = Rikj + 9oo bk bij —

4.13
—9&)1b§bki for 1<14,5,k<3. ( )

Here Rfk are the components of the three-dimensional curvature

J
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tensor. They are given by a formula similar to (3.5):

3

ork, Tk,
k Ju k k
Riy =525 =55 +§ rsqrjl §jr re. (4.14)

The components of the three-dimensional connection in (4.14)
are given by the formula (4.1). And the three-dimensional Ricci
tensor is given by the formula

jijzgkw (4.15)

which is analogous to (3.6).
Let’s consider the case k =0 and 1 < 4,5 < 3 in (4.12). In this
case we have the following relationship:

Mg o
0 _ Je 02
Tioj = or0  Ozd +Z%q 7]% Z%q%z (4.16)

By applying the formulas (4.10), (4.6), (4.2), (4.7), and (4.11) to
(4.16), we reduce the formula (4.16) to the form

0 —1 Oy 1

1 9900

Tin = gOO axo - 2 9001 vlj goo — 2 900 a 3.0 b” +
1 3 (4.17)
—2
+ 7 Joo Vi goo Vj goo — E gool bjg b for 1<1i,5<3.

q=1

Applying (4.13) and (4.17) to (3.6), we derive a formula for a
part of the components of the four-dimensional Ricci tensor:

_1 Ob;; 1 1 8900
Tij = 9001 8x] 2 9001 Vz] goo — 2 9002 920 b” +
I _
+ 1 9002 Vigoo Vj goo + Rij + 9o Z by bij — (4.18)

3

_goolz bkzb +bk]bk) for 1<4,5<3.
k=1
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Here V is the sign of the covariant derivative with respect to the
three-dimensional metric connection with components (4.1).

The next step is the case ¢ =0 and 1 < j,k < 3.in (4.12). In
this case we have the relationship

obk vk 3
k. _ J k k k q
Tij—@—@+2Fkb ZF by (w19)
I 4 %0900 1 _4 kagOO
T 900 Ok~ 590 b

We shall add two terms to the formula (4.19) and change the
order of the terms in it:

8’“ 3
Tgkaak+zr b Zfi]biH 900 kaJQOO_

3

obk
_87?'_21% bq+zrgkb2 goob Vi goo-

Because I'j; = I'Y;, the added terms are cancelled. But they allow
us to replace the partial derivatives with covariant ones:

1
ok = Ve by — Vi by + = 9001 by Vj goo —
(4.20)

1
— 590 U Vigoo for 1<k,j<3,

Next we consider the case i =k =0 and 1 < j < 3 in (4.12).
In this case we get the vanishing

rgo; =0 for 1<j<3. (4.21)
Applying (4.20) and (4.21) to (3.6), we obtain
’ N Vgoo—bkagoo

roj = Y (Vb = V;b5) + 5
k=1 k=1 900

(4.22)
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Due to the symmetry of r;; = r;; from (4.22) we derive

3
b¥Vigoo —bFV
rio= Y (Vibf— § ka+§ go{;gl 90 (4.23)
k=1 k=1 00

The next step is to compute the component ryg of the four-
dimensional Ricci tensor. We choose t =0, j =0,and 1 < k<3
n (4.12). As a result of this choice we get

3 -1 3
1 9
Tgko 9 ngs Vs goo — % ngs Vi goo -

s=1

, (4.24)
- Vs goo + ; 9oo' % - % —Zbkbq
And the last case isi =0, j =0, k = 0 in (4.12). It yields
000 = 0. (4.25)

Applying the relationships (4.24) and (4.25) to (3.6), we obtain

1 3 3 g_l 3 3
?”00:§Zzgksvksgoo—%ZZQkSVkQOO'

k=1 s=1 k=1 s=1
1 - ag 3 3 8bk 3 3
Vs 900 + 5 900 a“ﬁZ Z ZZb’zbZ
k=1 k=1 k=1q=1

The formulas (4.18), (4.22), (4.23), and (4.26) perform the
desired reduction of the four-dimensional Ricci tensor to 3D-
branes. They express its components (3.6) in special coordinates
(2.2) through the components of the three-dimensional Ricci
tensor (4.15), through the scalar function ggp, and through the
components of the tensor field b defined by means of the formula
(4.8). The components of the three-dimensional Riemannian
metric (2.7) are also present in these expressions.

(4.26)

CopyRight (c) Sharipov R.A., 2025.
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§5. Reduction of the scalar curvature to 3D-branes.

The four-dimensional scalar curvature is given by the formula
(3.7). Taking into account (2.6), this formula can be rewritten as

3 3
r:roog&l—ZZr”—g”. (51)

i=1 j=1

Applying (4.18) and (4.26) to (5.1) and taking into account the
notation (4.8), we obtain the formula

= g5 00 zbk >3 0 Vg o

k=1q=1

3
900 Zqungoqugoo 2900 Z (5.2)

k=1 qg=1

3 3
—R—gg' > Y bibh - goolzzbkbq

k=1 q=1 k=1gqg=1

The quantity R in (5.2) is the three-dimensional scalar curvature.
It is defined by the following formula:

R=>") Rig". (5.3)

i=1 j=1

The formula (5.3) is an analogue of the formula (3.6) for the four-
dimensional scalar curvature. And the formula (5.2) obtained
above realizes the desired reduction of the four-dimensional scalar
curvature to 3D-branes.

§6. Reduction of Einstein’s equations to 3D-branes.

In the right-hand side of Einstein’s equations (3.1) we see the
components of the energy-momentum tensor. However, we do not
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have any formulas for these components since we do not consider
any specific types of matter in the universe. Therefore to reduce
the components of the energy-momentum tensor to 3D-branes it
suffices to consider them as written in special coordinates (2.2).
Now we are ready to perform the reduction of Einstein’s
equations (3.1) to 3D-branes. As a result of such a reduction
Einstein’s equations are divided into three groups. The first
group of equations is the most numerous. It contains six equa-
tions numbered with two indices 1 < 4,5 < 3. The second group
of equations contains three equations, numbered with the index
1 <4 < 3. The third group of equations contains only one
equation. Let’s write the first group of reduced equations:

3
g%(ﬂijzbi _bij> % + gﬂZZ@ 9ij —

k=1q=1

—2 3 3
) S S ()
k=1 q:1
3

_1( Oby; obk
* Vi goo Vg 900 + 9oo 520 ZE) 0 9ij — Z(bkz (6.1)

k=1

bk—l—bk] Y5 Zzbk bl — 9ij Zzbk ba 4+

k=1q=1 k=1g=1

3
R 8Ty
+ E bgb”> + Rij - 59@' —l—Agij = CTTU'
k=1

gr

Then we write the second group of reduced Einstein equations:

kabk Zv bE + 2 900 Zbkv goo —

1 81
- —goolzb Vi goo = 647Tz0

gr

(6.2)
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And finally, we write down the only equation from the third
group of reduced Einstein equations:

LA R 8Ty
ZZ bk bq — bk bq 2 goo —Aggg = c ng (63)

k=1g¢=1 8r

The equations (6.1) are derived using (4.18) and (5.2). The
equations (6.3) are derived using (4.26) and (5.2). The equations
(6.2) are derived using (4.23).

§ 7. Gravitational field equations in the new theory.

The number of different Einstein equations does not change
as a result of their reduction to 3D-branes. There are 10 of
them, six of them are in the equations (6.1), three are in the
equations (6.2), and one equation is in (6.3). The number of
dynamical variables describing the gravitational field in the new
theory is seven. Therefore three equations are excluded from
the new theory. These are the equations (6.2). The equations
(6.1) and (6.3) remain and constitute the system of equations of
the gravitational field in the new theory. The choice of these
equations will be justified below in Chapter III.

§ 8. Schwarzschild black holes in the new theory.

Schwarzschild black holes are defined by the Schwarzschild
metric. This metric is a solution of the Einstein equations (3.1)
with zero right-hand side and with the choice A = 0 in them.
In our theory we do not replace the Einstein equations (3.1)
with others. We only transform them into special coordinates
(2.2) associated with the foliation of 3D-branes and exclude
some of them from the theory. Therefore all solutions of the
Einstein equations (3.1) remain solutions of the gravitational field
equations (6.1) and (6.3) in the new theory after transforming
them into special coordinates (2.2).
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The Schwarzschild metric is diagonal in the coordinates in
which it is traditionally written. Its diagonal components are
determined by the following formulas:

Tgr -1
goo=1——, gi1 = )
p _ Ter
p
(8.1)
9oz = —p°, g3z = —p* sin’(0).

The diagonality of the metric (8.1) is consistent with the block
diagonality of the matrix (2.6). The constant 74, in (8.1) is called
the gravitational radius of the Schwarzschild black hole.

The variables p and € can be considered as spherical comoving
coordinates on branes supplemented by one more comoving coor-
dinate ¢. They can be supplemented by membrane time ¢. With
this understanding of the variables present and absent in (8.1),
3D-branes will be given by the equations of the form ¢ = const,
while the coordinates

1Y = cg t, ' = p, 22 =0, 3 = ¢. (8.2)

will be analogous to the coordinates (2.2).

The Schwarzschild metric is stationary, its components (8.1)
do not depend on the membrane time ¢ in (8.2). Therefore from
the formula (4.8) we derive

bi; = 0. (8.3)

By direct calculations it can be shown that the four-dimensional
Ricci tensor for the Schwarzschild metric (8.1) is identically zero:

The same is true for the four-dimensional scalar curvature:

r=0. (8.5)
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The formula (8.4) is derived using the formulas (3.4), (3.5), and
(3.6). Then the formula (8.5) is derived using (3.7). From
(8.4) and (8.5) it follows that the Schwarzschild metric (8.1) is
a solution of Einstein’s equations (3.1) with zero right-hand side
and with the choice A = 0 in them.

In the three-dimensional paradigm of the new theory, the
Schwarzschild metric (8.1) is divided into a 3D metric

1 .
g11 = ) g22 = p27 g3z = P2 s1n2(0) (8.6)
1— Ter

p

and a separate scalar function
goo =1— %. (8.7)

The metric (8.6) defines the components of the metric connection
according to the formula (4.1):

r 1
ry=—+-~="2— I, =TI3%=-
11 2P(Tgr_p)’ 12 21 pu
F%Q =Tgr — P, Fgg = cot 6, 1 (8.8)
leas = (rgr — p) sin® 0, Fi’s = Fgl = ;v
in(20
I, = _s1n(2 ), I's, = cot 6.

Using the connection components (8.8), we can calculate the
components of the three-dimensional Ricci tensor for the metric
(8.6) by means of the formulas (4.14) and (4.15). They form a
diagonal 3 x 3 matrix with the elements

2
p— 7Tgr p— g _—-—
RBu=nt—s, R Ras ; (8.9)
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in the diagonal. From (8.9), having calculated the scalar curva-
ture by means of the formula (5.3), we find that it is zero:

R=0. (8.10)

In the equations (6.1) there is the gradient of the scalar
function (8.7). Its components are easy to calculate:

r T
Vi goo = p_g2 s Vs goo = 0, V3 goo = 0. (8.11)

In addition to the gradient (8.11) in the equations (6.1) there is
the double gradient V;; goo of the scalar function (8.7):

V. _ a2900 _ ZS:F’-“- 9900 (8 12)
i1 990 = 5t 9 Y Qxk " '

The components of the double gradient (8.12) are also easy to
calculate. They form a diagonal 3 x 3 matrix with the following
entries in the diagonal:

(4p—3rg)
V11 900 = Wa
Tor (Tor —
e (8.13)
. 2
Tor (Tor — p) Sin“ 0
Vs goo = = (re pzp) .

The terms with the gradient components (8.11) and with the
double gradient components (8.13) in (6.1) have the form

900 ZZ(Q 9”_5’“ >Vk900vq9007

k=1 qg=1

-1 3 3
Bz] - g% ZZ(gkq 9ij — (55 55) qu goo-

k=1q=1

(8.14)
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The quantities (8.14) are the components of two 3 x 3 diagonal
matrices with the diagonal elements

r
A].]. - 0) B]_]_ = i)
(rgr — p) p?
Tagr\Tgr — Tor 3?“ r — 2
Agy = M, Bas = M, (8.15)
p A(rge—p)p
Aas — Tgr (Tgr - P) Sin2 0 Ban — Tgr (3 Tor — 2 p) sin2 0
33 — 2 y D33 = .
p A(rge—p)p

Now we are ready to check the validity of equations (6.1),
(6.2) and (6.3) for the metric (8.6) and the function (8.7). Due to
(8.3) all components of the tensor field b in (6.1), (6.2), and (6.3)
do vanish. It immediately follows that the equations (6.2) are
satisfied provided that T;o = 0. Further, through (8.10) and (8.3)
we conclude that the equation (6.3) is satisfied provided Tpo = 0
and due to the additional assumption A = 0. We proceed to
equations (6.1). Due to the relationships (8.3), (8.10), and (8.14)
obtained above, the equations (6.1) are reduced to the form

Bij — Aij + Rij + AGyj = ?%Tij- (8.16)
gr
Applying (8.15) and (8.9) to (8.16), we conclude that the equa-
tions (6.1) are satisfied under the condition T;; = 0 and under
the assumption that A = 0. The result obtained is formulated as
the following theorem.

THEOREM 8.1. The three-dimensional Schwarzschild metric
(8.6) and the scalar function (8.7) satisfy the gravitational field
equations (6.1), (6.3), and (6.2) with zero right-hand sides, i.e., in
the absence of matter, within the framework of a cosmology with
zero cosmological constant A = 0.

§9. Coordinate covariance of the gravity equations.

Coordinate covariance of equations of geometric nature is

CopyRight (¢) Sharipov R.A., 2025.
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usually defined as the preservation of the form of these equations
when replacing some coordinates with others and simultaneously
replacing the functions included in them with others according to
certain rules. A typical example of coordinate covariant equations
are differential equations for the components of tensor fields
written using the operations of tensor multiplication, contraction,
and covariant differentiation (see [53]). The gravitational field
equations (6.1), (6.2), and (6.3) belong to this class of coordinate
covariant equations. They exhibit the property of coordinate
covariance with respect to replacing some comoving coordinates
with others (see (3.3) in Chapter I).

§10. Covariance of the gravity equations
with respect to scaling of membrane time.

The membrane time scaling transformations are given by the
formulas (5.1) in the first chapter of the book. Taking into
account (2.2), they can be written as follows:

70 =39, 2 = 22(2°). (10.1)

The transformations (10.1) do not affect the spacial comoving
coordinates in (2.2). Therefore, we can write

jO — jO(xO)’ xO — xO(jO)’

jl .’El, .’El ::E1,

e PR (10.2)
573 .’ES, .’ES — .’ES.

The four-dimensional metric (2.6) obeys the standard law of
transformation for the components of a tensor field of valence
(0,2) under the transformations (10.2):

b owt .
ZZ o ai] o (10.3)

k=0 q=0
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The components of the energy-momentum tensor in the right-
hand sides of the equations (6.1), (6.2), and (6.3) obey the same
law. Therefore we can write a formula similar to (10.3):

077 -
;Zay ai] . (10.4)
0 g=0

Due to the special form of the transformations (10.2) the formulas
(10.3) preserve the block-diagonal form of the matrix (2.6). These
formulas can be divided into spacial and temporal parts. The
spacial part has the form

gij(xoa xla $2, xS) = gij(‘%o(‘ro)v xla $2, xS)’ (105)
where 1 < 4, j < 3. The temporal part has the form
ggg(xo,xl,x2,x3) = (500(3:0)')2ggg(io(azo),xl,x2,x3). (10.6)

Let’s denote through ¢ the derivative of the function z%(z°) in
(10.1). Then the formulas (10.5) and (10.6) can be rewritten as

goo = €2 Goo, 9ij = Gij- (10.7)

Unlike (10.3), the formula (10.4) is divided not into two, but
into three parts. Two of them have the form

ng = 62 TOO; Tij = Tij for 1 < ’L,j < 3. (108)
The third part of the formula (10.4) is written as follows:
Tig = me and Tgi = me for 1 <1 < 3. (109)

The transformations (10.7), (10.8) and (10.9) can be extended
to all terms in the gravity equations (6.1), (6.2) and (6.3). From
(10.7) we derive the equality

g7 =g". (10.10)
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Then, applying (10.7) and (10.10) to (4.8), we get

bij = & bij, by = &by (10.11)

Differentiating the first relationship (10.7) with respect to the
variable 2, we find that
8900 8900

B0 53 (10.12)

Similarly, differentiating the relationships (10.11) with respect to
the variable 2°, we derive the relationships

obi; ab” obk  obk
a0 =& a0 & a0 =& o

(10.13)

The next step is to apply the second relationship (10.7), the
relationships (10.2), and the relationship (10.10) to the formula
(4.1). As a result, we obtain the transformation rule for the
three-dimensional connection components Ffj:

k _ pk
Fij - Fi]w (10.14)
The transformation rule (10.14) together with (10.2) yield
Vigoo = 52 Vi goo, vij goo = 62 Vij Goo- (1015)

Similarly, applying the relationships (10.14) and (10.2) to (10.11),
we get the following formulas:

Vibrg = € Vibij, Vb = €V,bk. (10.16)

The transformations (10.2), (10.7), (10.10), and (10.14) applied
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to the relationships (4.14), (4.15), and (5.3) yield
Rij = Rij, R=R. (10.17)

THEOREM 10.1. The gravity equations (6.1), (6.2), and (6.3)
are covariant with respect to the transformations (10.2), (10.7),
(10.8), (10.9), (10.10), (10.11), (10.12), (10.13), (10.14), (10.15),
(10.16), and (10.17), which are induced by the membrane time
scaling transformations(10.1).

The proof of Theorem 10.1 consists in direct calculations using
the formulas listed in the theorem.



CHAPTER III

LAGRANGIAN APPROACH TO DERIVING
THE GRAVITATIONAL FIELD EQUATIONS.

§1. Action integral for the gravitational field.

To maintain continuity between Einstein’s theory of relativity
and the new theory considered in this book we have retained the
concept of spacetime, although we have deprived it of its status
as a four-dimensional physical continuum (see §2 in Chapter I).
The action of the gravitational field in general relativity is given
by the four-dimensional integral

3

e /(r +2A)V=det @ d*x, (1.1)
Ty

see [3]. We shall use the action (1.1), rewriting it in a three-
dimensional form in terms of comoving coordinates and mem-
brane time (see §3 and §5 in Chapter I), as it was done in [29].
Due to (2.6) in Chapter II we obtain

V—=det G = /goo \/detg. (1.2)

Substituting (1.2) into the formula (1.1) yields

4
Sgr = — Cer //(r—i—QA) Vdet g /goo d’x dt. (1.3)

16

For the four-dimensional scalar curvature r the formula (5.2) was
derived in Chapter II. Taking into account the formulas (2.2)
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from Chapter II, this formula can be rewritten as follows:

= _2 zoo Zbk+goolzzg qvkqgoo_

grkl k=1 q=1

900 ZZQ Vi 900 ngoo 2900 Z (1~4)

&
k=1q=1 8r

_R_g&lzzbgbq goolzzbkbq

k=1 q=1 k=1gq=1

Traditionally the action integrals of physical theories contain
the dynamical variables of these theories and their first deriva-
tives with respect to time. In the formula (1.4) we see a term
with b’,z Applying the formulas (4.8) and (2.2) from Chapter II,
we obtain the following formula:

1

bii = ——
J 2 Cr

Gij- (1.5)
Due to (1.5) the term with b contains the second derivatives of
the dynamic variables with respect to time. Such a term must be
excluded from the action integral for the gravitational field (1.3).
This was done in [29].

§2. Reduction of the action integral.

Let’s select the first and the fourth terms on the right side of
formula (1.4). When we substitute them into the integral (1.3),
we get the following integral over time:

I:]<—29°°Zbk 2g >M@dt. (2.1)

Cor =1 1 Cer

v

The integral (2.1) can be transformed to the form

I:]( ‘3/290025’“—29‘1/22 >\/Mdt. (2.2)

Cor 15 1 Cer

v



42 CHAPTER III. LAGRANGIAN APPROACH ...

Further transformation of the integral (2.2) using integration by
parts yields the following formulas:

“ 3
I—/a<—29&)1/2z >\/detgdt —2900

ot = Cor
; . . (2.3)
_ bt 9(y/det
2k /et g /29 1/22—’“78( t9) g
Cgr . ot
k=1 & v k=1 &

The integral term in (2.3) can be transformed using Jacobi’s
formula for differentiating a determinant (see [54]):

d(v/det g) 1 > kq gkq

Applying the formula (2.4) and the formulas (4.8) and (2.2) from
Chapter II to the integral (2.3), we get

_1/2 detg
Cor
"= 1u (2.5)
+/ _1/2ZZbkbq\/detg dt.
k=1q=1

v

The non-integral term in the formula (2.3) and the same term in
the formula (2.5) can be omitted since such terms do not affect
the differential equations derived from the action integrals. Upon
omitting the non-integral term in (2.5) due to (2.5) the action
integral (1.3) is transformed to the form

4
Ser = % // (p+2A) \/det g\/goo d>z dt, (2.6)

167

CopyRight (c) Sharipov R.A., 2025.
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where the scalar function p is given by the formula

3 3 _9 3 3
ngo_olzzgkqvkqgoo—g%zzgkq'

k=1g¢=1 k=1gq=1
3 3
- Vi goo Vg 900 —R—g@lsz’; by + (2.7)
k=1 q=1
3 3
+ 900 DDV b:
k=1qg=1

Unlike the original action integral (1.3), the action integral (2.6)
contains only first-order time derivatives of the dynamic variables
gi; and goo associated with the gravitational field.

§ 3. Lagrangian of the gravitational field
and Lagrangian of matter.

It is known that the action integrals in field theories are time
integrals of Lagrangians, and Lagrangians are integrals of the
densities of Lagrangians over spatial variables. Therefore, we
write (2.6) in the following form:

Sgr = /Lgr dt, Ly = /Lgr Vdet g dz. (3.1)

Matter has its own action integral and its own Lagrangian. We
write them as follows:

Smat = /Lmat dt, Lmat = /['mat AV detg dSIE. (32)

The density of the Lagrangian in (3.1) is given by the formula

4

c
G
Lo = 167~ Vgoo (p+2A), (3.3)
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where p is taken from (2.7). The square root of ggp is inherited
from the four-dimensional action. Therefore here in the three-
dimensional approach we do not include it in (3.1) and refer it to
the Lagrangian density (3.3).

Due to the formula (2.7) the density of the Lagrangian (3.3)
depends on goo and g;;, and on the time derivatives of these dy-
namic variables. The time derivatives of the metric components
gij are replaced by b;; by virtue of the formula (4.8) and the
formula (2.2) from Chapter II. Therefore

Lgr = Lgr(gagagab)' (34)

Here g and g represent goo and goo, while g and b represent g;;
and b;;. The density of the Lagrangian of matter may depend
on some additional dynamical variables describing the state of

matter. We denote these dynamical variables by @1, ..., @n and
their time derivatives by Q1, ..., Qn:

. 0@

Qi = ot (3.5)

The relationships (3.5) are similar to the relationships (4.8) from
Chapter II. Based on them we write

Linat = Liat(9, 9,8, b, Q, Q). (3.6)

Each argument in the argument lists of Ly, and Ly, in (3.4) and
(3.6) represents not only the corresponding group of dynamic
variables, but also some finite number of their derivatives of
various orders with respect to the spatial variables z!, z2, 3.
The total action integral of the gravitational field and matter

is the sum of the integrals (3.1) and (3.2):

S = /Ldt, L= /[,\/detg dx, (3.7)
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where

L =L+ Lona. (3.8)

The next step in the development of the theory is to apply the
principle of least action! (see [55]) to the action integral S in the
formulas (3.7). Applying this principle formally, we obtain three
groups of differential equations. The first group of equations is

9,6
2; ot <5bi>%gé <5bu>‘%g2:z Z—:bg " (3.9)
+ <(§g—fj>%gQ 0, where 1<1,7<3.

This group of equations is associated with the dynamic variables
gi; and b;;. The second group of equations is associated with the
dynamic variables ggg and goo:

3
6?15(52? )“C‘; (%)%%;b%
( oL

7,8,b = 0'
52

(3.10)

This group of equations consists of the single equation (3.10).
The third group of equations is related to matter. It is associated
with the dynamic variables (¢, ..., @, and O1,...,0Q, and
describes the dynamics of these variables over time:

3

;<;Qi>g’g’ e (%)%?éf q:1bg "

(3.11)

(;é")g,g, =0, where 1<1i<3.

I The principle of least action would be more correctly called the principle
of stationary action since minimal action is never required in fact.
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The equations (3.9) and (3.10) describe the evolution of the grav-
itational field, while the equations (3.11) describe the evolution
of matter.

Below we shall not transform the equations (3.11) since in this
book the variables @1, ..., @, are not specified and there are
no specific formulas for the density of the Lagrangian of matter
Liat in (3.2) and (3.8). As for equations (3.9) and (3.10), we
shall transform them below. Let us denote

(5['mat _ 1 2(5['111%) L
591’]’ - QCgr 815 (5()” %gg
0Lma 0Lma
_ _( 5bmt>9’9’gz ( ;)aﬁg’ (3.12)
6Lma 0 Lma
(fijt - _ZZ Eomas 9ki 9qj- (3.13)
9 k=1 q=1

In addition to the formula (3.12) and the formula (3.13) we
consider the following formulas:

T = sy

dd0o Q.Q

(5['mat (5['mat
)y St (G, 510
(5['mat (5['mat 2

= — . 1
5400 5900 9oo (3.15)

Using (3.7) and applying (3.12) to (3.9), we derive

1 0 (6Ly 0Lygr
e i b )ggé <5bi >Mg Zbg * 1)

0Lgr 0Lomat
+ (=2 )ggp=— :
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Similarly, using (3.7) and applying the formula (3.14) to the
equation (3.10), we derive the following equation:

(55 e o (52 a0+

Q (3.17)
+ (5['gr ) (5['mat
dg00 %gé 8900

Now it only remains to derive explicit expressions for the left
hand sides in the equations (3.16) and (3.17). To do this we use
the formulas (3.1), (3.3) and (2.7).

§4. Equations for the three-dimensional metric.

In implicit form the differential equations that we need for the
three-dimensional metric g;; are written as the Euler-Lagrange
equations (3.16). To make them explicit we need to calculate
the partial variational derivatives in the left hand side of the
equations (3.16). We introduce small variations to the dynamic
variables b;; using the following formula:

i)ij = b;;(t, zt, 22, xg) + € hij(t, zt, 22, x?’). (4.1)

Here ¢ — 0 is a small parameter, and h;;(t, z*, 2%, 2%) are arbi-
trary smooth functions with compact support (see [56]). In this
case, the partial variational derivatives of the Lagrangian density
Lg: with respect to b;; are defined by the formula

5[,
—Lgte [ Sy (e
gr gr g,g,
im1 j= ‘V’” ) Q.Q (4.2)

-hij\/detg d3$+...,

where Lg, is taken from (3.1) and ﬁgr is the result of substituting
big for b;; in Lg,. The density of the Lagrangian Ly, in (4.2) is
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given by (3.3). It depends on b;; only through the last two terms
in the right hand side of the formula (2.7) for p. Similar terms
are present in the formula (2.6) in [18]. Therefore we can apply
the formula (6.3) from [18] upon slightly modifying it:

—1/2 3

5[’gr _ grQOO ij k _ij

Q?Q k:].

Now, according to (3.16), we must differentiate the partial
variational derivative (4.3) with respect to time ¢:

—3/2 .
1 9 (5['gr> o Cgr 900/ b ibk 9"
2cg Ot\Ob; /GE T 16wy \ 2 2
’ k:].
12 , 5 (4.4)
. grQOO ( 73] z] k11
“gop— ——— | — 0 + 2b5 b
16Ty \ cor kzjl Cgr Z

In deriving the formula (4.4) we used the following formula for
differentiating the inverse matrix:

3

= > 9" drgg". (4.5)

k=1 q=1

Along with (4.5), when deriving (4.4), we used the formulas (4.8)
and (2.2) from Chapter II to calculate gjg.

The second term in the left hand side of the formula (3.16) is
transformed as follows:

1 3
L (55)
gr 9&1/2 (ZS: bk bz] Z Z bk pd ij>
167y kPq 9" |-

k=1 q=1

(4.6)
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The third term in the left hand side of (3.16) contains the
partial variational derivative of L, with respect to g;;. To
calculate this partial variational derivative we introduce a small
variation of the metric:

Gij = 9i;(t, zt, 22, z3) + e hij;(t, zt, 22, z3). (4.7)

Despite the relationships (4.8) and (2.2) from Chapter II, the
variations (4.1) and (4.7) are assumed to be independent. Here
again ¢ — 0 is a small parameter and h;;(t, !, 2% 23) are ar-
bitrary smooth functions with compact support. The partial
variational derivative of the Lagrangian density L, with respect
to gij is defined by the formula

5£ .
Lgy +€/ —= )gob -
zz; =1 59” ) QyQ (48)

“hij\/detg d®z + . ...

The second integral Lg, in (3.1) after substituting (3.3) into it
and after applying (2.7) is broken down into six integrals:

Ly = Ly + Lo+ L3 + Ly + Ly + L. (4.9)

The first of these integrals has the form

Ly = /Zzgkqgoo Viq 900 Vdet g . (4.10)

1671"}/ P

The second term in the right side of (4.9) is similar to (4.10):

—3/2

/ngq Joo_ Vi goo Vg goo v/det g d*z.  (4.11)

1671"}/

CopyRight (¢) Sharipov R.A., 2025.
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The third term in the right hand side of the formula (4.9)
contains the scalar curvature R:

64
_ _er 1/2 3
Ls = 16 /goo R+/detg d*a. (4.12)

The fourth and fifth terms in the right hand side of the formula
(4.9) are similar to each other:

/ZZ 0o BEbe /et g dPz, (4.13)

La= 1671'7 P
Ls :—16777/22 oo 2 BB \/det g dPz. (4.14)
k=1 q=1

The sixth term in the right hand side of the formula (4.9) contains
the cosmological constant:

4
Lo = ——& /93522A Vdetg d*x. (4.15)
16

In order to obtain an explicit expression for the partial variational
derivative in (4.8) we need to substitute the expression (4.7) for
gij in each of the integrals (4.10), (4.11), (4.12), (4.13), (4.14),
(4.15) and then expand each of them in terms of the small
parameter € up to first order terms.

In the formula (4.10) there is the second order covariant
derivative Vg goo. It is calculated through the components I';,
of the metric connection for the metric (2.7) from Chapter II:

o goo 900
Vg 900 = 9k Ot SZ:: ka (4.16)
The connection components are given by the Levi-Civita formula:

S 1 > ST ag’l‘ agk’l‘ agk
qu:§Zg (a 2+ e a@j) (4.17)

r=1
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(see §7 from Chapter III in [53]). Applying the formula (4.7) to
the quantity ¢°" in (4.17), we obtain

3 3
g =g" - EZ ZgSk hiqg® +.... (4.18)

k=1 q=1

By ellipses in (4.2), (4.8) and (4.18) we denote terms of higher
orders in the small parameter . The formula (4.18) is similar
to the formula (4.5). Applying the formulas (4.7) and (4.18) to
(4.17), we derive the formula

3
S € ST
kq :qu+§ E g (thqurthkr—Vrhkq)Jr... . (4.19)
r=1

Now we apply the formula (4.19) to (4.16). This yields

3 3
@kq 900 = Viq goo — % Z Z 9°" (Vi hyg +

r=1s=1

(4.20)
+thk’r —Vrhkq) nggg +....

In addition to the second covariant derivative (4.16) the integral

Ly in (4.10) contains g*? and the square root y/detg. The
expression g*? is transformed using the formula (4.18). And for
the square root v/det g we write

3 3
~ € TS
\/detg:\/detg+§ E E g hps/detg +....  (4.21)

r=1s=1

Like the time derivative in the formula (2.4), the above for-
mula (4.21) is derived using Jacobi’s formula for differentiating
determinants (see [54]).

Now we apply the formulas (4.18), (4.20) and (4.21) to the
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integral (4.10). As a result we obtain the following formula:

. ct e 3.8 | y
Li=1 er E E —1/2( ik qj _ 1 _kq i\ .
1 1+ 167‘1”}// Y900 g g 29 g

-vkqgoohm/detg‘dSH / Z g2 99 9 (4.22)

kl’rl
g=1 s=

. (Vk h’r‘q —|—Vq hpr — Vrhkq) Vs goo v/ det g dBr+....

The second integral in the formula (4.22) is transformed by
means of integration by parts:

3 3
~ 1 ..
Li=1 -1/2 = kq i) .
1= 1+16777/ E: E 900 ( —59°9

»mk
==

w
w

(4.23)

. qu gdoo hij AV det g d?’x

gqj _

7,:
]:

|| ||
==

— 9" 95) Vg (96 °) hig V/det g d*x+ ...

Integration by parts in spaces with a Riemannian metric is based
on the following formula:

/kaz Vdet g d3z —/ z,n)dS. (4.24)
o9
This formula (4.24) is a three-dimensional version of formula
(4.14) from Chapter IV in [3]. Note that the second covariant
derivative Vi, (gééz) can be written as

1 1
Vieq (900 =5 900 1/2 Vikq900 — 1 900 3/2 Vi 900 Vg9oo- (4.25)
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Applying the relationship (4.25) to (4.23), we obtain

The second integral (4.11) is simpler than the first one, since
the covariant derivatives Vj, goo and V, goo do not use the con-
nection components (4.17). Applying the formulas (4.18) and
(4.21) to this integral, we derive

3 3 g—32 1
i/:L— J00 q]__ kq ij
2 2 16777/2;; ( 59 9
;1q1

- Vi 900 Vg goo hij v/det g dBr+....

The third integral (4.12) is the most complicated. It contains
the three-dimensional scalar curvature R. The scalar curvature
R is calculated in several steps. First, the curvature tensor is cal-
culated. The components of the curvature tensor are determined
by the following formulas:

> | (4.27)

ork ark 3
RE = a?jf — Zrk re, Zrk I, (4.28)

(see the formula (1.1) in chapter V of the book [3]. Next, the
formula (4.19) is applied to (4.28). This yields

RE. =RE +e (ViYL -V, ¥E)+..., (4.29)

qij qij

where the following notations are made:

3
1
Yksq = 5 Z g’ (Vk hrq + vq hir — Vi hkq) . (430)

r=1



54 CHAPTER III. LAGRANGIAN APPROACH ...

The Ricci tensor is calculated using the curvature tensor. The
components of the Ricci tensor are defined by the formula

Zqu] (4.31)

Applying the formula (4.29) to the formula (4.31), we obtain
A 3
Ryj=Ry+ed (VY -VvE)+.... (4.32)

The scalar curvature is calculated using the Ricci tensor

3

3
R=>") g¢Y Ry (4.33)
q=1j

=1
Applying (4.18) and (4.32) to the formula (4.33), we obtain
R= R—EZZR” h”+sZsz’“ , (4.34)
=1 j=1

where the following notations are made:
3 3 '
ZF =" (g1} — MY, (4.35)
q=1j=1

Now we are ready to apply the formula (4.34) to the third
integral Ls in (4.12). Along with the formula (4.34) we apply the
formula (4.21). As a result, we obtain

. R _
b= / 3.5l (0= Yo

=1 j=1

-y/det g d /Zgl/zkak Vdetg Pz + ... .

(4.36)
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The second integral in the right side of the formula (4.36) is
transformed by means of integration by parts:

. R
o SR b

=1 j=1

(4.37)

-y/detg d

/ZZ’“ Vi 9362 ) Vdetg d’z + ..

1671'7

In order to make the second integral in (4.37) explicit, we evaluate
Z¥ explicitly by substituting (4.30) into (4.35). This yields

Zv hka — ZZ 9"V, hy. (4.38)

g=1r=1

Before substituting the formula (4.38) into (4.37) we transform
this formula in the following way:

3
2 ZZZ(QM 971V hij — "1 9" Vg hiz). (4.39)

Now we substitute the formula (4.39) into the formulas (4.37)
and apply integration by parts:

. R _
/ I ( o Yo

11]1

(4.40)

kz ]q

-y/detg d
1=1 j=1 k=1 q= 1

— g™ gij) qu(géé2 ) hij \/detg dBr+....

The integral Ly in (4.13) is much simpler than the previous
one. This is because it does not contain the spatial derivatives of

167
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the metric g;;. Before applying (4.18) and (4.21) to it we write
the integral in (4.13) as follows:

La= 16777/22229001/2 9" big-

1=1 j=1 k=1 q=1 (441)

.q¥ bjr \/det g dx.

Then, applying (4.18) and (4.21) to (4.41), we get

. ct e S
_ gr -1/23k3q0 9 3
Li=Lit & /§j§jgm bebd L b /detg dPx —

4

3 3
o] 2 " g0 (b b + ¥ bi) by /et de

1671'7

The integral L in (4.14) is transformed in a similar way. First
we rewrite it as follows:

ST PO R RN

i=1 j=1k=1q=1 (443)

g% byj \/detg d3x.

Next, applying (4.18) and (4.21) to (4.43), we obtain

ﬁ5:L5+

/ZZ 2 goa 2 bE b by \/det g dPx —

1671-7 z 1k 1

(4.44)

- /ZZ 001/2bkbqg hij \/detgd3x+....

1671-7 =1 k=1
Jj=1g¢=1

CopyRight (c) Sharipov R.A., 2025.
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The integral Lg in (4.15) is the simplest of the six integrals in
(4.9). Applying the formula (4.21) to it, we obtain

ﬁgzLG— 16777/22 1/22A9

1=1 j=1 (445)

“hij\/detg d®z + . ...

Now we can put together the formulas (4.26), (4.27), (4.40),
(4.42), (4.44), and (4.45) and derive a formula for the desired
partial variational derivative

-1/2 , 3
5['gr> grQOO ( k
— &) b= b
3
= (V" b, + bF by) +Z2bkb” ZZb’g'
k=1 k=1 k= 1[]:1 (446)
gij o 9862 - R .. .
LpeZd r R — 2 gt L A g¥
q2> 16m< 29—|—g>—|—
A 3 3
r i g ij 1/2
Toms 22 (o9 = 6"9") Vg (906)-
k=1g=1

The next step is to put together the formulas (4.4), (4.6), and
(4.46) and substitute them into the equation (3.15). This results
in the following equation:

)
8 N\ k=1

k=1 q=1

kl JQ) Vig oo — —— Z Z kq U Jq)

k=1g=1 (4.47)

— 1 14J ) i
'VkQOOVqQOO+9001<c_b] Z—bk ]+Zbk'
gr k=1 gr
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3 3
+ bk b ) ZZ bqg ZZbgng+

k=1 q=1
. R 167y 6Lmat
k 113 ij %] (/R ma
+ E_ bkb > + R 29 +Ag géé 5gij .

The equation (4.47) and the equation (6.1) from Chapter II differ
in the placement of the indices ¢ and j. To compare the equation
(4.47) with the equation (6.1) in Chapter II we need to lower
the indices ¢ and j in the equation (4.47). In performing this
procedure we use the relationship

3 3 3
b =" g b g = > 2 (L + 170 by). (4.48)
k=1

k=1 qg=1

In order to derive the relationship (4.48) the formulas (4.8) and
(2.2) from Chapter II are used. Now, applying the formulas (4.48)
and (3.13) to the equation (4.47) when lowering the indices ¢ and
7, we obtain the following equation:

-2
2‘giogr<zbkgz] >900+gﬂzz g gz]

k=1q=1
3 3

—6; &1 )qugoo—TZZ 9" gi; — 07 67) -

k=1 q=1

a1 1.
- Vi goo Vg oo + 9001 (c— bij — Z P b’;i 9ij — Z(bkz ) (4.49)

Bt k 1cgr k=1
) - Y Y Y
k=1g=1 k=1g=1
R 1671y 0Lmat
k m
Y w>+Rw i+ A gy == S
k=1 grgOO g
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Comparing (4.49) with the equation (6.1) in Chapter II, we get

2 (5['mat

7z —
900 09"

Ty = — for 1<4,j<3. (4.50)

In the left hand side of the relationship (4.50) we see the com-
ponents of the energy-momentum tensor that enter the equation
(6.1) in Chapter II. The relationship (4.50) expresses these com-
ponents of the energy-momentum tensor, which are a legacy
of Einstein’s four-dimensional theory, through a purely three-
dimensional density of the Lagrangian of matter (3.6).

THEOREM 4.1. The gravity equations (6.1) from Chapter II
are equivalent to the Euler-Lagrange equations (3.16), which are
explicitly written in the form of the equations (4.47) or in the
form of the equations (4.49).

§5. Equation for the scalar field gqp.

The time-dependent scalar field ggg arises as the diagonal com-
ponent of the block-diagonal four-dimensional metric inherited
from Einstein’s theory, see formulas (2.9) and (2.6) in Chapter II.
It is positive due to the signature (4, —, —, —) of the metric (2.6)
in Chapter II. The field gqog is described by the Euler-Lagrange
equation (3.17). Our goal here is to write this equation in a more
explicit form.

Using the formulas (3.3) and (2.7), we easily note that the
Lagrangian density L, does not depend on the time derivative
Joo- Therefore we have the relationship

(%)%%g —0. (5.1)

Due to (5.1) the Euler-Lagrange equation (3.17) reduces to

(5[,gr 0L mat
_Zery) . = — . 5.2
( 9900 >€fg; 9900 ( )
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To calculate the partial variational derivative in the left hand
side of (5.2) we consider a small variation of the scalar field goo:

doo = goo(t, z', 2%, 2%) + e h(t, x*, 22, 23). (5.3)

Here ¢ — 0 is a small parameter and h(t, z', 22 23) is an ar-
bitrary smooth function with compact support (see [56]). The
small variation (5.3) is applied to the Lagrangian Lg, in (3.1).
After that the partial variational derivative of the Lagrangian
density Lg with respect to ggo is given by the formula

) 0Ly
Ly = Ly + e/(5 . )g,g,bh Jdetg d*z + . (5.4)

Like in § 4 here we split the Lagrangian L,, into six parts using
(4.9). The integrals Ly, Lo, L3, Ly, Ls, and Lg in (4.9) are given
by (4.10), (4.11), (4.12), (4.13), (4.14), and (4.15). Applying
(5.3) to the first of these six integrals, we obtain

=t mﬂ/zgkqgeo” Vi h /A6t g &0 +
ct 9—3 /2 (5.5)
k 00 3
16777/2 ! qugooh\/de-k

The first integral in (5.5) is transformed integrating by parts:

—5/2

2 39
L kq 00
1=1L1 — 16777/ g g VkQOOVqQOO

k=1q=1

5.6
-h+/det g d3x+ /Zzg’“qgm (5:6)

k=1q=1
Vg goo b v/det g dBr+. ...
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Next we move on to the integral Lo in (4.11) and apply the
variation (5.3) to it. This gives

ﬁ2=L2+ /Zzgkqg )/ Vi goo Vg -
1671'7 ==
—5/2 5.7
et d /ZZ quQOO . 6D
v k=1 qg=1
-nggqugggh\/detgd3x+....

The first integral in the formula (5.7) is transformed using inte-
gration by parts:

- A 3/2
Lo =1Ly — 16777/229 %900 Vikq 900
k=1q=1
—5/2 5.8
/ety dr 4 /ZZ kq3goo . B8
k=1 q=1
-nggqugggh\/detgd3x+....

Next in line is the integral Lz in (4.12). Applying the variation
(5.3) to it, we obtain

. Cor €
Ly =Ly + 75— /900 Rh+\/detg d®z + .. (5.9)

Next we pass to the integral Ly in (4.13). Applying the variation
(5.3) to this integral, we get

—3/2

16777/22900 bkbq'

—1g=1 (5.10)

“h+/detg &z +. ...

Ly=1L,—
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The integral Ls in (4.14) is treated in a similar way. Applying
the variation (5.3) to it, we obtain

—3/2

16#7/22900 bkbq

—1q=1 (5.11)

~h+/detg d®z + . ...

And finally we arrive to the integral Lg in (4.15). Applying the
variation (5.3) to this integral, we get

ﬁ5:L5+

4

Lo = Lo — —&° / oAb/ det g dPa. (5.12)
Y

16w

Now we can put together the formulas (5.6), (5.8), (5.9),
(5.10), (5.11), and (5.12) and apply them all to the formula (5.4).
This gives us the following equality:

L\ e Gl
(%)ggg " Tomy 2 (BT

4 3 3
(S EE)

k=1q=1 k=1q=1

(5.13)

Next, by substituting (5.13) into (5.2) we derive the equation

3 3 3 3
1 kpa o 1 k
Y S LY s
k=1g=1 k=1g=1 (5.14)
R 16 7~ 3/25£mat
= gon — A g = — :
+ 5 9oo goo Cér 900 3d00

If we recall the relationship ¢°° = gg' and apply the formula
(3.15) that follows from this relationship to the equation (5.14),
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then the equation (5.14) can be rewritten as follows:

1 3 3 1 3 3
—5 2 D babi+ 5> D> bibl+

k=1 q=1 k=1 q=1 (515)
n Rg Ag 167~y 6Lmat
5 900 — A goo = —75 500 -
2 chg0)” 09

By comparing the equation (5.15) with the equation (6.3) in
Chapter II, we derive the relationship

2 0Lmat
00 9362 50 (5.16)
In the left hand side of the relationship (5.16) we see one of
the components of the stress-energy tensor, which enters the
equation (6.3) from Chapter II. The relationship (5.16) expresses
this component Ty of the stress-energy tensor, which is a legacy
of Einstein’s four-dimensional theory, in terms of the purely
three-dimensional density of the matter Lagrangian (3.6).

THEOREM 5.1. The gravity equation (6.3) from Chapter II is
equivalent to the Euler-Lagrange equation (3.17), which is explic-
itly written as the equation (5.14) or as the equations (5.15).

Note that equations similar to those of (6.2) in Chapter II
do not arise here within the Lagrangian approach. This justifies
the choice made in Chapter II in favor of the equations (6.1)
and (6.3) and the exclusion of the equations (6.2) from our new
theory of gravity.

§6. Generalized coordinates and velocities.

Dynamic variables in the Lagrangian approach are often called
generalized coordinates, while their time derivatives are called
generalized velocities (see [57]). The dynamic variables for the

CopyRight (¢) Sharipov R.A., 2025.
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gravitational field are the functions g;; and gop. In the case of
the function g;;, its time derivative is related to the function b;;.
From the formulas (4.8) and (2.2) in Chapter II, it follows that

o 1 8gij
N 2¢gy Ot

bi; . (6.1)

Due to (6.1) the role of generalized velocities for the dynamic
variables g;; is played by the functions b;;.

By analogy with the formula (6.1), the following notations
were introduced in [31]:

goo 0_ -1
bon = = = by = boo. 6.2
00 Cor Car ot 0o = Y900 Y00 ( )

Due to (6.2) the role of the generalized velocity for the dynamic
variable ggg is played by the function bgg.

The dependence of the Lagrangian Lg. on the generalized co-
ordinates and generalized velocities is conventionally represented
by the formula (3.4). Taking into account (6.2), this formula now
is rewritten in the following way:

Loy = Lg:(g,0,8,b). (6.3)

In order to describe matter above in §3 the additional dy-
namic variables @1, ..., @, and the corresponding generalized
velocities (3.5) were introduced. = We denote them through
Wi, ..., Wy, i.e. we set

Qi

Wi=Qi=—

. (6.4)
Taking into account (6.4), the formula (3.6) is rewritten as

Lmat = Lmat(gubagabaQaw)' (65)
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The total Lagrangian is the sum of the gravitational field
Lagrangian and the matter Lagrangian:

L =Ly + Lunat. (6.6)

The formula (6.6) follows from (3.7) and (3.8). Next, from the
formulas (6.3), (6.5), and (6.6) we derive

L=1L(g,bgb,Q W). (6.7)

Each argument in the argument lists of Lgy, Lias, and L in (3.4),
(6.5), and (6.7) represents not only the corresponding group of
dynamic variables, but also a finite number of their derivatives of

various orders with respect to the spacial variables z', 22, z3.

§7. Legendre transformation
and the density of total energy.

The Legendre transformation is a change of dynamical vari-
ables in which generalized velocities are replaced by generalized
momenta (see [58]). In the case of the present theory the gen-
eralized momenta are calculated as partial variational derivatives
of the total Lagrangian (6.5):

5[,>

gl — (E b, B0 = (;Ti)g’g’b’ pi— <;—W£/z)‘({)bc§ (7.1)

QW QW

Using generalized momenta (7.1), the total energy density is
calculated by means of the formula

3 3 n
H:ZZﬂijbij—Fﬂoobog—FZPiWi—L. (72)
=1 j=1 i=1

Let Q be a three-dimensional domain in the three-dimensional
universe. The energy of the gravitational field and matter fields
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contained in this domain is given by the following integral:
= /'H Vdet g dx. (7.3)
Q

Our main goal in the next section is to derive a formula for the
time derivative of the integral (7.3).
§ 8. Energy conservation law.
Let us consider a small increment of the time variable t. We
shall write it in the following form:
t=t+e. (8.1)
Let’s apply (8.1) to all dynamic variables:

3 ) Ql = Qi(faxlaxzu*/pg)u
b” = b”(t zt 22z W, = Wi(t, x', 2%, 2%),

gij = gij(f (82)
, (8.3)

B =gt at,a%a®),  Pl=Pidala%e),  (84)
) (8.5)

(8.6)

)
3)

goo = goo(t, ', 2*, 2°), boo = boo(t, z*, 2%, 2°),
B9 = BOO(f, &', 22, 2®).
Applying the relationships (6.1) and (6.4) to (8.2), we obtain

gij:gij+2cgr€bij+..., Qi:Qi—l-EWi—l-.... (8.7)
In the case of (8.3) we use partial derivatives:

b”_b”—i_gw—i_’ Wl_Wl—’_EW—’_ (88)

In the case of (8.4) and (8.6) we apply the relationships (7.1).
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Applying them we derive the following formulas:

T R 5/

LV —aly]

po=p" e 8t<(5b”> b, oo
DL

- 0/ 6L

00 __ 00

/8 - /8 +e€ at<(5b00>g’g,b+

In the case of the formula (8.5) we apply (6.2) and the partial
time derivative of the function bgg:

§002900+Cgr€b00+..., bgg—b00+€aggo+.... (810)
By ellipses in the formulas (8.7), (8.8), (8.9), (8.10) and further
below we denote terms of higher order with respect to the small
parameter € — 0.

In addition to the formulas (8.7), (8.8), (8.9), (8.10) we con-
sider the following relationship:

3
\/detg:\/detg(1+scngb§+...). (8.11)
k=1

The relationship (8.11) is derived using the familiar Jacobi’s
formula for differentiating determinants (see [54]) and the rela-
tionship (6.1).

The next step is to apply the time variation (8.1) to the
integral (7.3) taking into account (7.2):

/(ZZﬂ”b +500500+Zpl >

=1 j=1
3 3

detg .I—I-E/ZZ(at (51)%])85)\’;%()”—’_

Q =1 j5=1
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+ (;b—L:)g,b %> Vdet g &>z +
ij’ Q,

& ot
" (D /6L 5L oW,
+€!;<%<6_‘%>%?€ W (5 g W) |
d /6L
.\/Mdgx +€/<_<—>g,g,b boo + (8.12)
Q

o b .
+ (%)g7g,b @> Videtg d®z — L(Q) + ... .
00

Qw Ot

The last term L(€2) in (8.12) is determined by the Lagrangian
density £ in the formula (7.2):

L(Q) = /Z',\/detg 3. (8.13)
Q

In order to transform the integral (8.13), it should be noted that
the formulas (8.7), (8.8) and (8.10) are similar to small variations
of the tensor fields g and b, to small variations of the dynamic
variables of matter @1, ..., @, and Wy, ..., W,, and also to
small variations of the scalar fields ggg and by in the sense of the
calculus of variations:

~

9ij =9ij tehij+..., Qi=Qi+chi+...,
bij = bij+emi+ -, Wy =W;+en+..., (8.14)
Goo = goo +€hoo + - -+, boo = boo + €m0 + - . . -

The functions h;j, hi, 1i;, 1i, koo, and oo in (8.14) are functions
with compact support (see [56]). In the calculus of variations
they apply to the integral over the entire universe:

L= /L Vdet g d’x. (8.15)
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Applying the small variations (8.14) to the integral (8.15) within
the framework of the calculus of variations, we would write

i m/(zz(ébw)g,,gw
+ZZ<(55gfj)g’b’b hij +<5i)§0> g.8,b Moo +

7

( oL ) ,g,b hoo +Z< )g{),f)ég n: +
+Z<5Ql>g, b.g > Vdetg d*z +.

The difference between the small variations in (8.7), (8.8), (8.10)
and the small variations in (8.14) is that the small variations
n (8.7), (8.8), (8.10) are not functions with compact support.
For this reason, the analogue of formula (8.16) for the integral
(8.13) will have an additional term containing an integral over
the boundary of the domain :

(8.16)

. Ob;;
) = 1@+ [ 23 (5) s T2
Q =1 5=1
"/ 6L ow;
Vdetg d x+€/<z;<5wl>gg?,g ot +
Q =
oL
+ Z((sQl)g:b,g W> Vdetg d3x+€/<<5boo> ,%‘1;' (8.17)

5900

b )
aago + ( £ ) ,g b Cer b00> Vdet g >z +
3

3
+€/ZZ 59” g:b.b 2 cgr bij \/det g dPz +

Qll]l QW
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+€/(j1dx2Adx3+j2dx3Adxl+
o0
+ 7% dat Ada®) \/detg +....

The last term with the integral over the boundary of the domain
in (8.17) is related to the energy flux across that boundary. We
shall study this term in detail in the next section.

Now we return to the formula (8.12). The square root in
the first integral of the formula (8.12) is transformed using the
formula (8.11). We can then apply the formula (8.11) and the
formula (8.17) to the formula (8.12). In doing so, we take into
account the formulas (4.1) and the Euler-Lagrange equations
(3.9), (3.10), and (3.11). In addition, we take into account the
above notations (6.1), (6.2) and (6.4). As a result of the listed
transformations, the formula (8.12) for the variation of the energy
integral (7.3) is simplified and takes the following form:

EQ)=EQ) —¢ / (T da® A dx® +
50 (8.18)
+J%da® Nda' + TP dzt Ada?) \/detg +. ...

Now it is the moment to recall that the variation of the energy
integral (8.18) arises as a result of the time increment (8.1).
Therefore it can be calculated directly through the derivative of
the integral (7.3) with respect to time:
dE($)

dt

Comparing (8.18) and (8.19), we derive
d
—/'H\/detg dr + /(jldx2/\dx3+
dt
Q o0 (8.20)
+ J?da3 Ndat + T3 dat /\da:2) v/detg = 0.

E(Q)=E(Q)+¢ (8.19)

CopyRight (c) Sharipov R.A., 2025.
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The surface integral of the second kind in (8.20) can be replaced
by a surface integral of the first kind:

d
E/H\/detg d3x+/(j1 ni+J*na+J°n3)dS =0.  (8.21)
Q 0N

Here ny, ng, ng are the covariant components of the unit normal
vector n perpendicular to the boundary of the domain 92,
and dS is the area element on this boundary. The quantities
Jt, J?, 72 in the formula (8.21) are interpreted as components
of a vector field J. This vector field itself is interpreted as the
total energy flux density:

/H\/detg d3x+/2jl n; ds. (8.22)

50 = 1
The equality (8.22) can be stated in the form of a theorem.

THEOREM 8.1. The increment in the amount of the total en-
ergy of the gravitational field and matter fields contained in a
three-dimensional domain §) per unit time is exactly equal to the
amount of energy entering the domain §) per unit time through
its boundary 0 ().

In order to transform the integral equality (8.22) into dif-
ferential form, we apply the Ostrogradsky-Gauss formula (see
[59]) together with the formula (8.11). This yields the following
differential relationship:

3
8H+cher +Zvyl_o (8.23)

=1

The first term in (8.23) is the time derivative of the total en-
ergy density of the gravitational field and matter fields. The
third term is the divergence of the total energy flux density
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vector. These two terms are standard. The second term in
(8.23) is the Hubble term. It arises because the volume of the
domain 2 can change even if the boundaries of the domain are
completely immobile due to the expansion or contraction of the
three-dimensional space of the universe itself (see [60]).

§9. Flux density of the total energy.

The vector J with the components J*, 72, J? arose in (8.17)
when deriving an analogue of the formula (8.16) in which small
variations of the dynamic variables are not functions with com-
pact support. We know that the Lagrangian (6.7) depends not
only on the functions listed in its arguments, but also on some
finite number of their partial derivatives with respect to the
spacial variables x', x2, z3. For this reason, we introduce the
following notations for partial derivatives of the dynamic vari-
ables Q1, ..., Qn, and Wy, ..., W, describing matter and for
partial derivatives of the dynamical variables g;;, bi;, goo, and bgg
describing the gravitational field:

g, W,
Qiltn- i) = g~ g Wil ol = o g (1)

s S 9gi; s S 9bi;
giglin - is] = Oxi ... Qxts’ biglin 3] = Oxi ... Qxts’ (9-2)

. S 9900 . S 9boo
goolin- el = o g bl el = e 09

Let’s select the quantity b;;[i1...is] from (9.2) and consider
its occurrence in the Lagrangian (6.7). The variation of the
quantity b;; in (8.14) contributes to the variational expansion of
the integral (8.13) in the form of the following expression:

I(b) = €/<abij[67£' Vaetg Ymijlin-. i . (9.4
Q

’il...Zs]

Let ¢, denote a linear mapping acting upon differential 3-forms
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and generating differential 2-forms such that
dr’ Ndx®  if q =1,
v(dzt N dx? Ada®) = { dad Adat i g =2, (9.5)
de' A dx?  if ¢ =3.

Then we can integrate (9.4) by parts. The result is written using
the mapping introduced in (9.5):

oL _ L
E/(W \/M)T]ij[ll...ls]d €T =
Q

’il...Zs]

— 5/(% Vdet g ) Nijlén . is—1] -

59 (9.6)
0 oL
1, (dat A da® A da®) — / : :
LS( v Adrm A ar ) c 83:% (81)”[1115]
Q
RV detg ) ’I’]U[’Ll .. -/is—l] dSIE.
The last term in (9.6) is similar to the first one. So we can

continue integrating by parts in (9.6) iteratively. The result that
we get upon several steps of integrating by parts is:

s a'r—l oL
o j : _1\r—1

AR

r=1 50
-y/det g ) Nijlin - is—r] tiy .\, (dz A dxz® A da®) + (9.7)
s 0° oL — 3
+€/(_1) Eh"il 83:% (81)”[1115] detg )?’]”d a

Q

The last term in (9.7) contributes to the volume integrals in
(8.17). The preceding terms contribute to the boundary integral
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over 0 in the end of the formula (8.17).
The variation of the metric g;; from (9.2) contributes to the
variational expansion of the integral in (8.13) via the expression

I(g) = E/(agij[aiﬁ' \/m) hijliv. . i) dz.  (9.8)
Q

’il .. .’LS]

Integrating by parts iteratively in the relationship (9.8), we derive
a formula similar to that in (9.7):

2 or—1 oL
_ _1\r—1 .
I(g) N Z_:E /( 1) Oxls—r+2 ... Oxls (E)gw[zl .. ’LS]
=l 50
. \/detg ) hij [’Ll .. -/is—r] big_ryq (da:l AN d$2 AN dac?’) + (99)

.o oL — .
+€/(_1) Eh"il .. 83:% (E)gw[zl .. ’LS] detg ) h” dx.

Q

The next two steps are similar to the previous two. The analogues
of formulas (9.4) and (9.8) in the case of dynamic variables
responsible for matter in (9.1) are as follows:

I(W) :€/<# M)ni[ilu-is] d’z,

A
Q
(9.10)
1(Q) = e/(% Vdet g ) hiliy .. .ig) d®x.
Q

Integrating by parts in the relationships (9.10), we obtain formu-
las similar to those in (9.7) and (9.9):

s or-1 oL
_ _1\r—1 .
I(W) N ZE /( 1) Oxls—r+2 ... Oxls (an[’Ll .. ’LS]

r=1 90
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-y/det g ) Nili1 o is—r] Liy oy, (dz* A dz? A da?®) +
(9.11)

s oM oL T\ 3
+€/(_1) 8xi1...8xis<8W[ is] detg)mdaz,
Q

o1 oL
-y [ g (s

TlBQ

\/detg>h[ is—r] i, (dat Ada® Ada®) + (9.12)

o° oL

—-1)°— . v/ det h; &3z

+€/( )ale...axzs<acg[ N ety ) hid’s
Q

Next we move on to variations of ggo and by from (9.3). Here

I(b) = 5/(% @) noolis - . i) d*x,

Q

I(g) 25(!(% @) hooliy . . . is) d*z.

(9.13)

Integrating by parts iteratively the first of the integrals (9.13),
we obtain the following formula:

Z / a’r—l ( aL: '
axis—’r'+2 L. axlé aboo I:/L]_ . '/[:S]

TlBQ

-y/det g ) Nooli1 - - is—r tiy .,y (da' Ada® A da®) + (9.14)

/ 83:“ 5 <aboo[ i Vdet g ) oo d”z.
Q

Similarly, integrating by parts iteratively the second of the inte-
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grals (9.13), we obtain a formula similar to (9.14):

2 or—1 oL
— _1\r—1 .
I(g) N ZE /( 1) Oxls—r+2 ... Ox'ls (8900[1'1 .. ’LS]

r=1 50
v/det g ) hooli1 - -is—r] LiS_T,H(dazl A dz? A da?®) + (9.15)

s 0° oL —— 3
+€/(_1) Oz ... 0x's (8900 ' detg ) hoo d.

[’il .. .’LS]
Q

The quantities 7;;, hij, 1:, hi, Moo, hoo appearing in formulas
(9.7), (9.9), (9.11), (9.12), (9.14), and (9.15) should be replaced
by the following quantities:

0b;; ow;
ij — ) P — 9 1
i ot n ot (9 6)
hij = 2 cgr by, h; = W;, (9.17)
ob
hoo = Car boo, oo = —820- (9~18)

The formulas (9.16), (9.17) and (9.18) are derived by comparing
(8.14) with the formulas (8.7), (8.8) and (8.10).

The last step in calculating the components of the vector J is
to collect the integrals over the boundary of the domain 92 from
all formulas (9.7), (9.9), (9.11), (9.12), (9.14), (9.15) in a single
formula. Let N be the maximal order of partial derivatives of
the form (9.1), (9.2), (9.3) contained in the Lagrangian £. Then
from the formulas (9.7), (9.9), (9.11), (9.12), (9.14), (9.15) and
from the formula (8.17) we derive

(jldxz/\dx?’—l—jzdx?’/\dxl—l—jgdazl/\daz2) \detg =

. o1 oL
ZZZ(_l) 1 a{EiS—H-? 83:% (c%”[zlzs] %

(9.19)
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x y/det g ) Nijli1 .. is—r] LiS_T,H(dazl A dx® A da?®) +

3 3 N s o ar_l oL
+ZZZZ(_1) 1 Oxts—r+2 ... Oxts <8gij[ ]

21...10
i=1 j=1s=1r=1 1 s]

x y/det g ) hijlit .. is—y] LiS_T,H(dazl A dz? A da?®) +

n N s o o1 oL
+ZZZ(_1) ' Oxts—r+2 ... Oxis <8W¢[ 8

i=1 s=1r=1 1 s]

x y/detg ) Nili1 . is—r] LiS_T,H(dazl A dz? A da?®) +

n N s . o1 oL
+Y > (=t dxis—rt2 .. Oris (8Qi[ "

i=1 s=1 r=1 1 y

(9.20)
x y/det g ) hiliv .. ey ti,_, ., (dz* A dz? A da?®) +

N s o o1 oL
+ZZ(_1) 1 Oxts—r+2 ... Oxls <aboo[ Al

s=1r=1 /il t 'ZS]

x y/det g ) noold1 - - is—r) Li,_ ., (dz* A dz? A da?®) +

N s . a”‘—l 8£
+ZZ(_1) ' Oxts—r+2 . Oxls <agoo ]

s=1r=1 [/Ll c 'ZS]

x y/det g ) hooliv . is—p]ti,_, ., (dz* A dz? A dz?).

Note that the substitutions (9.16), (9.17), and (9.18) should be
applied to the formula (9.19) continued in (9.20) as well as to the
previous formulas (9.4), (9.6), (9.7), (9.8), (9.9), (9.10), (9.11),
(9.12), (9.13), (9.14), and (9.15). Note also that partial derivative
operators of the form

a’r—l

Oxts—r+2 ... Oxls

CopyRight (¢) Sharipov R.A., 2025.
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are actually absent from those terms in (9.19) and (9.20) where
r = 1. The same is true for all previous formulas where such
operators are used.

§10. Density of the gravitational field energy.

Note that the total Lagrangian L of our theory in (3.7) is the
sum of the gravitational field Lagrangian Lg, in (3.1) and the
matter fields Lagrangian Ly, in (3.2):

L =Ly + Luat. (10.1)

The same division into two terms holds for the density of the
total Lagrangian £, which is expressed by the formula (3.8) and
from which the formula (10.1) follows. Therefore, applying (3.8)
o (7.1), (7.2), and (7.3), we obtain

E(Q) = Eg(Q) + Enat(9). H = Hgr + Humat- (10.2)

Each of the terms Hg, and Hyae in (10.2) is given by its own
formula, which follows from (7.2). In the case of the density of
the gravitational field energy Hy, this formula has the form

:ii@’;’i) O

=15=1 (10.3)

The density of the gravitational field Lagrangian Lq, in (10.3) is
given by the formula (3.3), in which the parameter p is defined

by the formula (2.7). The dynamic variables @, ..., @, and
Wi, ..., W,, which describe matter, are not included in the
formulas (3.3) and (2.7). From this it follows that
0Lgr
= 0. 10.4
(5 )y (104
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In addition, we see that the quantity bgg is also not included in
the formulas (3.3) and (2.7). Hence

(;b_i)g% — 0. (10.5)

After applying the formulas (10.4) and (10.5) to the formula
(10.3) it simplifies and takes the form

5Ly
Mo =223 ( 5, ) e bii = Lo (10.6)

We already have an explicit formula for the partial variational
derivative from (10.6). This is the formula (4.3). Applying (4.3)
0 (10.6), we get the following formula:

-1/2 , 3 3
_ gr Yoo k k
Hyr = S (Zb bl — Zbk bg) — L. (10.7)

k 1

q=1

The next step is to substitute (3.3) into (10.7) and to use the
formula (2.7) for p. This gives

3

641. 3
Har = gy V00 (90_0121)’; bk goolzbk ba—

1 q—l
3 3
_R+2A+gﬂﬂlzz qqu goo — (108)
k=1 qg=1
g_2 3 3
- % Z Z gkq Vi goo Vq 900> .

k=1q=1

The resulting formula (10.8) is an explicit formula for the energy
density of the gravitational field. The amount of energy of the
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gravitational field contained within a three-dimensional domain
Q2 is given by an integral similar to the integral (7.3):

Ee(Q) = /ng Vdetg d*z. (10.9)
Q

The density of the gravitational field energy H,, in the formula
(10.9) is given by the explicit formula (10.8).

§11. Flux density of the gravitational field energy.

As we have already noted above, the total Lagrangian of
our theory L is split into two parts — the Lagrangian of the
gravitational field L, and the Lagrangian of the matter fields
Lyyat, see formula (10.1). The same holds for the Lagrangian
density, see the formula (3.8). Applying (3.8) to the formula
(9.19), which is continued in (9.20), we conclude that the flux
density vector J is also split into two parts:

I:Igr+1mat- (111)

The first term in the formula (11.1) can be calculated explicitly.
For this purpose we consider the integral (8.13), replacing the
total Lagrangian density £ with L4, in it:

L () = /ﬁgr Vdet g diz. (11.2)
Q

From (11.2), using the formulas (8.7), (8.8), and (8.10), a formula
similar to the formula (8.17) can be derived. In this case it is
necessary to take into account the relationships (10.4) and (10.5).
In addition to (10.4) and (10.5) there is another relationship

<5£gr

=0. 11.3
0Q; >%’,b\’7§ ( )
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The relationship (11.3) follows from the fact that the formulas

(3.3) and (2.7) do not contain Qq, ..., @,. Taking this into
account, we obtain the following relationship:

(5[,r ob;;
E/ZZ 5bi>€if’¢%a—;'

3 3
\/detgd?’x—ks/zz
Q

=1 j=1

Lgi(Q) =

_|_

) g,bb 2Cgrbij-
Q

gz] W

(11.4)

\/det g &>z + ¢ (

.g.b Car boo
5900> o5 &

Vdetg Pz +e [ (T da® Ada® +
o0

+Jp da® Nzt + J5 dat Adx?) \/detg +

From the derivation of the formula (9.19), which is continued
n (9.20), we know that only terms with partial derivatives with
respect to the spacial variables z!', 22, z® in the Lagrangian
density lead to integrals over the boundary of the domain 0.
The term with 2 A in (3.3) does not contain such derivatives. The
terms with b} b} and b} b? in (2.7) also do not contain derivatives

with respect to the spatial variables. There remain three terms:

1) the term with Vg goo in (2.7);
2) the term with Vj, goo V4 goo in (2.7);
3) the term with R in (2.7).

Let’s start with the term with V4 goo. This second covariant
derivative itself is written using the components of the metric
connection I';  of the three-dimensional metric g;;:

3

v _ 8 goo o ZFS 9900 (11.5)

900 = Gk g~ 2 M |
s=1



82 CHAPTER III. LAGRANGIAN APPROACH ...

Applying the variation of the metric g;; from (8.14) to F};q in
(8.3), we obtain the following expression:

3
9
=iy ts > 90" (Vi heg + Vo hir = Ve hig)+.... (11.6)

r=1

In addition to the variation of the metric we must take into
account the variation of the scalar function ggp itself in (8.14).
This leads to the formula

@kq 900 = Viq 900 + Vg hoo —

3 (11.7)
Z ngr Vk h’r‘q + v hk’r v hkq) vs goo + .

r=1s=1

The formula (11.7) is derived using (11.6). Due to (11.7) the term
with the second covariant derivative (11.5) contributes to the left
hand side of the formula (11.4). Its contribution is expressed by
the following two integrals:

3
_ —1/2
N 1671'7/ 1;
3

3

2

=1q=1
g—1/2 3 3 k

_ 00 sr q

L= 16777/ ;2229 ot (11.9)

q
+ vq hk’r - v’r hkq) 5 900 V det g de’

Let’s proceed to the term with Vi goo V4 goo in (2.7). The
covariant derivatives in this term do not use the connection
components I'; . Therefore the contribution of this term to the
left hand side of (11.4) is expressed by the integral

l\DI(")

9" Vg hoo /det g d®z.  (11.8)

Ly = 16M/9&13/229 V) goo Vg hoo v/det g Pz, (11.10)
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The term with scalar curvature R in (2.7) is the most difficult
to calculate. Applying the variation of the metric g;; from (8.14)
to R, we obtain the formula (4.34) which uses the notations
(4.35) and (4.30). Due to (4.34) the contribution of the term
with scalar curvature R in (2.7) to the left hand side of formula
(8.2) is expressed by the integral

4 9
Ly = e / 1/2ZVka\/detg d3z. (11.11)

16
Q

Let’s return to the integral (11.9). This integral can be sim-
plified and can be written as the sum of two integrals:

3 3
— sk 3,.
o= 16777/;;2% (gi?) Vet g d*x
(11.12)
Céglré' : : sr k 1/2 3
_16777/2 Zg V, by Vs (90h7) Vdet g d’z.
QO k=1 s=1r=1

Applying integration by parts to the integrals (11.12), we obtain
the following relationship:

3 3
16w7/222h8k 900 ) 1 dS —

X9 k=1 s=1

Ly =

Cgr € 3.8
2Rk Vv, Vdet g 3z —
167T’Y/Z::1; k(goo ) ety x
i, 3 8 s (11.13)
— B [N g7 b Vilgoh ) me dS +
1671-789 k=1s=1r=1

4 3
S S S T ) Vs
Q
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Here in (11.13) we denote by dS the area element on the bound-
ary 02 of the three-dimensional domain €2, while n; and n, are
the covariant components of the unit normal vector n to the
boundary 02 directed outward from the domain €.

Passing to the integral (11.8), we integrate it by parts twice.
As a result, we obtain

3
_ —1/2 ZZ k
= 167‘1”}// ngqhggnde—F

k=1q=1

/ZZQ’”W %) hoo g dS ~ (11.14)

167T*yagk ‘=
¢ 3
16W7/;;g Viea ( 900 )hoo Vdetg dz.

In (11.14), as in (11.13), dS denotes the area element on the
boundary 02, while n;, and n, are the covariant components of
the unit normal vector n to the boundary 9 2.

Now we proceed to the integral (11.10). Note that this integral
can be written as follows:

(5 Se

k=1g=1 (11.15)

. Vq hgg AV detg dSIE.

Integrating by parts in (11.15), we derive the formula

16W7/Zzgkqvk )hﬂﬂnqu+

on r=ia=l (11.16)
/Zzgkqvkq ggg )hOO \/detg d3
1671"}/ P

CopyRight (c) Sharipov R.A., 2025.
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The next step is to transform the integral (11.11). Integrating it
by parts, we get the following formula:

1/2 k .
Ly = 16777/ Zz ng dS

\ \ (11.17)
Cor €
~ 677 /ZVk(gééQ) Z" \/detg d*x.
Q k=

Earlier from the formulas (4.35) and (4.30) we obtained the
expression (4.38) for Z*. Here we apply the formula (4.38) to the
second integral in (11.17). This yields

3 3
B 1c6g;€ /ZZV (9057) Vq hF4y/det g d®z +
Q

4 3 3 3
+ et /ZZZVk(géé2) g" NV, T \/det g d*a.
Q

Next we apply integration by parts to the second and third
integrals in the resulting formula. This gives

045 1/2 1/2
L4_m</goé Zande /ka 906 )

h*n, dS + / ZZVM (9047) h**/det g d%) +

k=1 qg=1
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(11.18)

3 3 3
SOSTS Viglgoh?) gF ket g da.

As in the previous formulas, by dS in (11.18) we denote the area
element on the boundary 02 of the three-dimensional domain €2,
while n;, and n, are the covariant components of the unit normal
vector n to the boundary of the domain 3 directed outward
from the domain €.

Now let’s recall that the surface integral of the second kind in
(11.4) can be transformed into an integral of the first kind:

/(jglr da® A dx® + jg2r dz> A dzt +
o0

3
+ T dat Adx®) \/detg = /ZJ’“ ny, dS.

aq k=1

(11.19)

Due to (11.19) we can put together all of the integrals over
the boundary of the domain 9 from (11.13), (11.14), (11.16),
and (11.18) and compare their sum with the right hand side of
(11.19). This gives the following formula:

16W7/Z<22h8k (90°) iiQSk'

EXe) k=1 q:]_ s=1

9862 29—1/2 *4\7, hoo +Zg - (11.20)

Vg (9&)1/2) hoo — ngq Vq(g(i) /2 ) hoo + 91/2 .

q=1
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3 3 3
28 =" V(900 ) B+ DD Valan ) 9
q=1 g=1r=1
3
.h;> :e/ng’inkds.
90 k=1

Applying the formula (4.38), from the formula (11.20) we deter-
mine the components of the vector Jg,:

4
E_ Car 1/2 ik 1/2 ik
7k = W(z IR AL 9 W AT

=1 q=1

+ Z hzk gééz 29001/2 ik v h00>

(11.21)

The final formula for jgkr is obtained from (11.21) after applying
the formulas (9.17) and (9.18). It has the form

(ZQ 1/2 bzk 222 1/2 zk

=1 q=1

(11.22)
Vi b + 22 Y 9862 Zgo = 9" Vi boo>

=1

In general, the energy flux of the gravitational field through a
surface S is given by the formula

3
:/ngkrnk ds. (11.23)
g k=1

The components Jp. of the vector J in (11.23) are determined
by the formula (11.22).
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Theorem 8.1 states the total energy conservation law including
the gravitational field energy and the energy of matter fields.
There is no separate conservation law for the gravitational field
energy. But in the formula for the total energy density (7.2)
we can separate the part (10.8) responsible for the gravitational
field. In the same way, from the vector of the total energy flux
J defined by the formula (9.19), which is continued in (9.20), we
can separate the part J, defined by the formula (11.22), which is
responsible for the energy flux of the gravitational field.

L. D. Faddeev in [61] points out some problems with the
definition of the energy for the gravitational field in Einstein’s
theory of relativity. In our new theory, as we can see in the
formulas (10.8) and (11.22), there are no problems with the
energy of the gravitational field.



CHAPTER IV

POINT PARTICLES
IN A GRAVITATIONAL FIELD.

§1. Action integral for point particles.

Point particles or point masses in mechanics are usually con-
sidered to be particles whose size is negligibly small compared
to the distances of their movements and whose internal structure
and spatial orientation do not affect their motion. The location
of a point particle in space is characterized by three coordinates
z', 22, 3. The motion of a point particle is characterized by the

fact that its coordinates z!, 22, 22 depend on time:
(), (1), (1), (1)

In our theory there are distinguished coordinate systems which
are called comoving coordinates, see §3 in Chapter I. In what
follows by z!, 22, 2% in (1.1) and everywhere below we mean
coordinates in one of such comoving coordinate systems. In
addition, in our theory there is a distinguished way of measuring
time associated with the foliation of 3D-branes in spacetime. It
is called membrane time, see §5 in Chapter I. By time ¢ in (1.1)
and everywhere below we mean one of the possible choices of
such membrane time.

The time derivatives of the coordinates of a point particle in
(1.1) are components of a vector:

dx’

vl =d = o where i=1, 2, 3. (1.2)
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This vector v in (1.2) is called the particle velocity vector.
The acceleration vector a of a point particle is obtained from
the velocity vector v of this particle through the procedure of
covariant differentiation with respect to time:

3 3
ol =V =0+ Y Tiv'v", where i=1,2,3.  (1.3)

j=1k=1

Through F; x in (1.3) we denote the components of the metric
connection for the three-dimensional metric g;;, see (2.7) in
Chapter II. These quantities are defined by means of the formula
(4.1) from Chapter II.

The length of the velocity vector of a point particle v with the
components (1.2) is determined by the metric g;;:

3 3
v = ZZQUWW' (1.4)

i=1 j=1

Now, given (1.4), we are ready to write the action integral
for point particles. When writing the action integral we shall
distinguish between baryonic light matter particles and non-
baryonic dark matter particles:

_ 2 _ v
Sbr = m cyy goo 62 dt, (15)
br

v
Snb = — /mcib goo — CT dt (16)

The integrals (1.5) and (1.6) differ only in the constants ¢, and
cyp in them. These are two of the four speed constants that we
considered in (1.2) in Chapter II. In what follows we shall restrict
our consideration to the case of non-baryonic matter (1.6). The
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formulas obtained in this way can be easily adapted to the case
of baryonic matter by simply replacing c,, with ¢y, in them.

The action integrals in (1.5) and (1.6) are essentially integrals
along the particle’s path, which are determined by the functions
2l (t), 22(t), 23(t) in (1.1). The quantity goo in these formulas is
the scalar function from (2.9) in Chapter II, while the constant
m is the mass of the particle, which is also called the rest mass
of the particle.

§2. Motion of non-baryonic
particles in a gravitational field.

The function in the action integral for a point particle is called
the Lagrangian of this particle:

Sab = /Lnb dt. (2.1)

Comparing (2.1) with (1.6), we obtain

2 Mz
Lyp, = —mcgp (/[ 9oo — —5—- (2.2)
cnb

Applying the principle of least action® to the integral (2.1) leads
to the Euler-Lagrange equations

d 0Ly, 0Ly
—— | — —_— = 0. 2.3
dt( vt )glg’ff * ( 5 )%;’f’vg (23)
Since the Lagrangian (2.2) is not an integral but a function,
the partial variational derivatives are reduced to regular partial
derivatives, while the Euler-Lagrange equations themselves (2.3)
are written in the form

d <8Lnb> %

@\ )t O (24)

I The principle of least action would be more correctly called the principle
of stationary action, since minimal action is never actually required.

CopyRight (¢) Sharipov R.A., 2025.
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The partial derivatives in (2.4) are easily calculated with the use
of the formula (2.2). Indeed, we have

0Ly mu;
ot V2
goo — —5—
nb
Zgjzg:m ag’r‘s r,s 2 T agOO (25)
OLy, o 2 ozt b9 Pt
oxt v |2
goo — —5—
nb

The function gg9 is a scalar function. Therefore its partial
derivative in (2.5) is equal to its covariant derivative:

9900
ox?

= Vl Joo- (26)

It is known that the covariant derivative of a Riemannian metric
with respect to its own metric connection is zero: V; g,s = 0. The
formula (4.1) in Chapter II is usually derived from this equality.
It is also known that the covariant derivative V; g, is calculated
by means of the following formula (see § 7 in Chapter III of [53]):

dgrs < :
Vi rs = axl - ng’r 9gs — ngs Grq- (27)
qg=1 qg=1

From V; g,s = 0 and from the formula (2.7) we derive

3 9g
ZZ aa;s CHCHES

r=1s=1 q

> 2T v’ (2.8)

3
=1 s=1

Here T'), are the components of the metric connection defined
by the three-dimensional metric g;;. Due to (2.6) and (2.8), the
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formulas (2.5) are written in the following way:

OLy, mu;
vt v
goo — —5—
6121b
3 3
2.9
me Vg b ; (29)
0Ly _ g=1s=1
ort v |2
goo—g

Applying (2.9) to the equations (2.4), we derive

4y mu N
dt( M2>_
goo — —3

C

nb
3 2 (2.10)
mec .
ZZqu Uq’l) - 2nb Vigoo
o g=1 s=1
vI?
goo — —5—
Chp

The time derivative in the left hand side of the equation (2.10) is
transformed as follows:

d mu; _ mo;
dt( \v\?) V2
goo — —5— 00 — 3
cnb nb (2 11)
mu; 1/ d [|v]? ) > '
+ 3_<_<T —QOO—ZU Vs goo
‘V‘Q 2 dt cnb =1
goo — g

By combining (2.10) and (2.11) we derive the differential equa-
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tions for the components v; of the velocity vector v:

m; N mu; 1/ d [|v]? )
v[? TEANANCANGT 900
goo—g QOO—CT

nb

; szf Vg
_szvsgﬂl]) = =tem]
s=1

(2.12)

The equation (2.12) is derived using (2.6). In addition to (2.6)
we need the relationship (6.1) from Chapter III. The second term
in the left hand side of the equation (2.12) contains the time
derivative of |[v|2. We calculate this derivative as follows:

r=1s=1 r=1s=1
: d(g’r‘s vs) T : : dg”‘S s T
+227dt N S vt = (2.13)
r=1s=1 r=1s=1
3 3 3 ag 3 3 3 ag
:220505—22 ars s T—Z_;Z_;Z; axrsxlvsvr

We transform (2.13) using the formula (6.1) from Chapter III, as
well as the formulas (1.2) and (2.8). This gives

3

d(‘;;‘z) :—ZZZQFq vg v v+
3 3

—I-ZQ@SUS—ZZQCgrbTSUSUT.

(2.14)
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Next we multiply (2.12) by v* and sum over i from 1 to 3:

=1 m‘v‘2
v[? 2
goo — —5— goo — “;‘
Ilb Ilb
1/ d[|v]? >
) g Sy, = 2.15
2<dt<6121b> goo ZU 5900> ( )
s=1
3 3 m02
ZZZmF?quvsvl— nbzv Vi 900
_ gq=ls=1i=1 1=1
900—w
cleb

We then apply the formula (2.14) to the time derivative of |v|?
in the formula (2.15). As a result the equality (2.15) simplifies
and reduces to the following equality:

i=1 q=1 s=11i=1 goo Cip r=1s=1 (216)
2 2
goo |V c i
o+ 29‘00‘ ;bZUlViQOO—F—ZUleQOO
=1 =1

Now we substitute (2.16) into the second term in the right hand
side of (2.14). As a result, we get

d(|v]? 2 Cor V2 -
(‘dt‘):_ § (.900_%)226!‘3”87/“"
goo Cnb r=1s=1 (2 17)

V<
Zleiggg.

. 2 3
goo ‘V‘ 2 i 2|v
— —Cup E v" Vi goo +

goo i=1 i=1

+
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The next step is to substitute the formula (2.17) into the equation
(2.12). This yields the following equation:

o= > Thvgi® = —%VigooJr

, a=te=l . (2.18)
v* Vs goo Joo Cgr >
+ v; + + brsv®0" .
( ; goo 2 goo Cib goo TZ::l SZ:;

The left hand side of equation (2.18) fits the definition of the
covariant derivative of a covector field with respect to parameter
t along a parametric curve, see (8.10) in §8 of Chapter III in
[53]). Therefore we can write (2.18) as

62 3 Ve V goo
Viv; = — 22V, goo +%<Zis+
2 —1 Yoo
\ (2.19)

. 3
4 0 Ce ZZbrsvsvT)

2 c
goo nb 900 11 T

Note that the equalities (1.2) can be written as differential equa-
tions for the particle coordinates:

= (2.20)

The equations (2.19) supplemented by the equations (2.20) form
a complete system of differential equations describing the motion
of a non-baryonic particle in a gravitational field defined by a
three-dimensional Riemannian metric g;; and a scalar function
goo- The equations do not contain the particle mass m. This
circumstance is interpreted as the following theorem.

THEOREM 2.1. The inertial and passive gravitational masses
of a non-baryonic massive particle are equal to each other.

The definitions of inertial, as well as active and passive gravi-
tational masses, are given in [62].
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§3. Energy and momentum of
non-baryonic point particles.

The Legendre transformation for a non-baryonic point particle
is determined by its Lagrangian:

pi = (%;b) o (3.1)

The Lagrangian (2.2) is not an integral, but a function. Therefore
the variational partial derivative in the formula (3.1) should be
replaced by a regular partial derivative:

o aLnb
pi = v

(3.2)

The partial derivative from (3.2) was already calculated in (2.5).
Using the first formula from (2.5), we get

Pi = —f———s-
o v[?
goo — —5—

cnb

The quantities p; in (3.3) are components of the covector p.
This covector with the components (3.3) is called the momentum
covector of a non-baryonic particle.

Let’s return to the equations (2.10). Using the components of
the momentum covector p from (3.3) and taking into account the
equations (1.2), we can write the equations (2.10) as follows:

(3.3)

erlqu — M' (3.4)

1s=1
= 2

The left hand side of the equations (3.4) fits the definition of the
covariant derivative of a covector field with respect to parameter
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t along a parametric curve, see (8.10) in §8 of Chapter III in
[53]). Therefore, we can write (3.4) as

(3.5)

The equations (3.5) supplemented by the equations (2.20) consti-
tute a complete system of ordinary differential equations describ-
ing the motion of a non-baryonic particle in a gravitational field
defined by a three-dimensional metric g;; and a scalar function
goo- The right hand sides of the equations (3.5) are interpreted
as components of the force covector F which acts upon a non-
baryonic particle from the gravitational field:

2
Vi
F, = __M%p Vidoo (3.6)
v[?
21/ goo — g

The energy function for a non-baryonic particle is written in
terms of the components of its momentum covector p and in
terms of the components of its velocity vector v:

3
Enb = sz Ui - Lnb- (37)
1=1

Applying (3.3) and (2.2) to (3.7), we obtain

m|v|? v|?
En = % +mely 1/ goo — % (3.8)
‘V‘ Chb
goo — —5—
Chb

The formula (3.8) for the energy of a non-baryonic particle can be
simplified by reducing it to a common denominator and grouping

CopyRight (¢) Sharipov R.A., 2025.
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similar terms in the numerator. After simplification the formula
(3.8) is written in the following way:

2
mcyy,

/ V]2
goo — —5—
cleb

The value of the function ggg can be made equal to one at any
single point in space, but in general not everywhere. In order to
do this it is necessary to change the membrane time according to
the formula (2.10) from Chapter II. After this the formula (3.9)
takes the following form:

En, = (39)

2
mcyy,

Epp = ——8b (3.10)
v

1=

Chb
Due to (3.10) the constant ¢y, is interpreted as the upper bound
for the speed of a non-baryonic particle.

§4. Circular rotation of non-baryonic
particles around a Schwarzschild black hole.

In §8 of Chapter II above we studied Schwarzschild black holes
in the framework of our new theory of gravity. For this purpose
we used the spacial coordinates

! =p, 2 =0, =09 (4.1)

and the time variable t associated with a comoving observer
placed at infinity from the black hole. The gravitational field
of a Schwarzschild black hole is given by the scalar field ggg
and the three-dimensional diagonal metric g;; which are defined
by the formulas (8.7) and (8.6) from Chapter II. The nonzero
components of the three-dimensional metric connection are given
by the formulas (8.8) from Chapter II.



100 CHAPTER IV. POINT PARTICLES IN ...
The function goo and the three-dimensional metric g;; in the

case of a Schwarzschild black hole are stationary. They do not
depend on time. Therefore we have the following relationships:

goo = 0, b;j =0 for 1<i,5<3. (4.2)
Let a non-baryonic particle of mass m rotate around a black

hole in its equatorial plane with angular velocity w. Then its
rotation in the coordinates (4.1) is given by the formulas

p(t) = p = const,  O(t) = g —const, ¢(t) =wt.  (4.3)

Differentiating (4.3) with respect to time, we find the components
of the velocity vector of a non-baryonic particle:

vl =0, v? =0, 3 =w. (4.4)

The components of the velocity covector are derived from (4.4)
using the standard index lowering procedure:

3
v; = Z gir V", (4.5)
k=1

Applying the formulas (8.6) from Chapter II and the formula
(4.4) to (4.5) and taking into account (4.3), we obtain

v =0, vy =0, v3 = prw. (4.6)

The components of the acceleration covector are defined as

3 3

a; =V =0 — Y T v’ (4.7)

g=1 s=1
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Applying (4.4) and (4.6) to (4.7) and taking into account the
formulas (8.8) from Chapter II, we find
a; = —pw?, as =0, asz = 0. (4.8)

Now we can apply the differential equations (2.19) describing
the particle dynamics. First we calculate the components of the
gradient for the scalar field ggg in them:

r T
Vi goo = p% Va goo = 0, V3 goo = 0. (4'9)

Using (4.4) and (4.9), we derive

3
> " v° Vi goo = 0. (4.10)

s=1

Due to (4.2), (4.10), and (4.7) the equation (2.19) reduces to

Chb

Applying (4.8) and (4.9) to (4.11), we obtain the equality

2
2 GipTer

The gravitational radius for a baryonic Schwarzschild black hole
of mass M is given by the formula

29 M

2
cgr

Tar (4.13)
The formula (4.13) is contained in § 100 of Chapter XII in [2] and
in [63]. Substituting (4.13) into (4.12), we derive

2 M

pwt == R (4.14)
er
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Despite the presence of a denominator in the formula for the
force (3.6), the formula (4.14) coincides with the corresponding
formula from the classical Newtonian theory of gravity up to the

constant scalar factor )

b = 22 (4.15)
Car

If we replace the non-baryonic particle with a baryonic one,
then ¢y, in (4.15) will be replaced by cp,. The corresponding
factor kp, in this case must be equal to one, since for baryonic
matter in the classical Newtonian theory of gravity there is no
speed of light and its analogues:

2
e = B8 — 1. (4.16)

2
cgr

From (4.16) follows the equality
Cor = Cgr, (417)

while the above reasoning serves as a proof of the obtained
equality (4.17).

§5. Superbradyons of Luis Gonzalez-Mestres.

Massive non-baryonic particles with the limiting speed differ-
ent from the speed of light were considered by Luis Gonzalez-
Mestres in [64]. He believed that

Cnb > Cel- (5.1)

Due to the inequality (5.1), Luis Gonzalez-Mestres in [65] called
the particles he invented superbradyons. In [66] and [67] he wrote
a formula for the energy of superbradyons of the form (3.10) and
suggested that superbradyons could be found in cosmic rays.
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