
RELATIVISTIC ELASTICITY IN THE

3D-BRANE UNIVERSE MODEL. PART 3.

Ruslan Sharipov

Abstract. The 3D-brane universe model is the name of a new non-Einsteinian
theory of gravity. In the two previous papers, nonlinear relativistic elastic media were

considered within this theory. The first paper comprises the derivation of differential
equations of motion, while the second one comprises the derivation of boundary

conditions for them in the case of perfect contact. Here, we consider the case of ideal
slip and derive the boundary conditions for this case.

1. Introduction.

The main concept of the 3D-brane universe model is that our physical universe
M is a 3D-manifold equipped with a time-dependent Riemannian metric

gij = gij(t, x
1, x2, x3), 1 6 i, j 6 3. (1.1)

The four-dimensional spacetime M4 is not a physical continuum in the new theory.
It is just a mathematical abstraction that serves as a bridge connecting the new
theory with Einstein’s relativity. As in the Lorentz ether theory (also known as the
Lorentz–Larmor–Poincaré ether theory, see [1]) and the Robertson–Mansouri–Sexl
theory (see [2]), there is a preferred class of coordinates in the 3D-brane universe
model, which are called comoving coordinates. Furthermore, there is a class of
preferred global time variables in this theory, which are called membrane time, or
brane time for short (see the monograph [3] in Russian or its English translation [4]).
More references can be found in e-prints [5–20] and conference abstracts [21–39].

A nonlinear relativistic elastic medium was considered in [18]. Its Lagrangian
density was given by the following formula:

Lmat = −ρ c2
br

√

g00−
|v|2

c2
br

− F(y, J,v,u) (1.2)

Using (1.2), the differential equations of motion for relativistic elastic media were
derived. They consist of the equation for the rest mass density

∂ρ

∂t
+

3
∑

k=1

cgr ρ bk
k +

3
∑

i=1

∇i(ρ vi) = 0 (1.3)
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and the equations for the components of the momentum covector density

∂pn

∂t
+

3
∑

k=1

cgr pn bk
k +

3
∑

m=1

∇mΠm
n = fn + Fn. (1.4)

The quantities pn and Πm
n in (1.4) are given by the formulas

pn =
ρ vn

√

g00 −
|v|2

c2
br

, Πm
n =

ρ vn vm

√

g00 −
|v|2

c2
br

. (1.5)

The quantities Πm
n in (1.5) are components of the momentum flux density tensor.

The quantities fn and Fn in (1.4) correspond to the densities of bulk forces:

fn = −
1

2

ρ c2
br ∇ng00

√

g00 −
|v|2

c2
br

. (1.6)

The quantities fn in (1.6) are components of the gravity force density. As for Fn,
they are given by a more complicated formula:

Fn =
3

∑

i=1

(

−
∂

∂t

( δF

δwi

)

g,ġ,g
b,y

− cgr

( δF

δwi

)

g,ġ,g
b,y

3
∑

q=1

bq
q +

( δF

δyi

)

g,ġ,g
b,w

)

J i
n. (1.7)

The quantities Fn in (1.7) are components of the elastic stress force density.
Two nonlinear relativistic media were considered in [20]. Their Lagrangian den-

sities were given by the following formulas analogous to (1.2):

L−

mat = −ρ− c2
br

√

g00 −
|v|2

c2
br

−F−(y, J,v,u), (1.8)

L+
mat = −ρ+ c2

br

√

g00 −
|v|2

c2
br

− F+(y, J,v,u). (1.9)

Using (1.8) and (1.9), the boundary conditions at the interface of the two media
were derived in [20]. They are written as follows:

3
∑

s=1

(

B+
m vs

+ − Cs+
m

)

ns

σ

=

3
∑

s=1

(

B−

m vs
− − Cs−

m

)

ns

σ

. (1.10)

The quantities B±
m and Cs±

m in (1.10) are related to the Lagrangian densities (1.8)
and (1.9) through a multistep algorithm based on the calculus of variations. The
reader can find this algorithm in [20].

The boundary conditions (1.10) correspond to the case of perfect contact where
the velocity vector v is continuous at the interface of the media:

vi
+

σ

= vi
−

σ

. (1.11)
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The case of ideal slip is opposite to (1.11). In this case,

3
∑

i=1

vi
+ ni

σ

=

3
∑

i=1

vi
−

ni

σ

. (1.12)

Relation (1.12) means that only the normal component of the velocity vector v is
continuous across the interface. The main goal of the present paper is to derive the
boundary conditions analogous to (1.10) for the case of ideal slip (1.12).

2. Dynamical variables of elastic media.

Following [20], we consider two elastic media with Lagrangian densities (1.8)
and (1.9). We assume that they both were melted and then frozen in some static
3D-space with the static Riemannian metric

ηij = ηij(y
1, y2, y3), 1 6 i, j 6 3. (2.1)

Upon being solidified, the media fill two static domains Ω+ and Ω− in the static
space with coordinates y1, y2, y3. Then these media are immersed in the real
universe M , which is described by some comoving coordinates x1, x2, x3, some
brane time t, and the metric (1.1). The immersion is described by the functions











x1 = x1
+(t, y1, y2, y3),

x2 = x2
+(t, y1, y2, y3),

x3 = x3
+(t, y1, y2, y3),











x1 = x1
−(t, y1, y2, y3),

x2 = x2
−(t, y1, y2, y3),

x3 = x3
−(t, y1, y2, y3).

(2.2)

The functions (2.2) map the domains
Ω+ and Ω− onto two moving domains M+

and M− separated by the moving inter-
face σ (see Fig. 2.1). These functions are
assumed to be differentiable. They pro-
duce two Jacobian matrices

M r
m+ =

∂xr
+

∂ym
, (2.3)

M r
m− =

∂xr
−

∂ym
. (2.4)

The matrices (2.3) and (2.4) are assumed
to be continuously extendable onto the
boundaries of the domains Ω+ and Ω−.

The mappings produced by the func-
tions (2.2) are assumed to be invertible. Their inverse mappings are given by











y1 = y1
+(t, x1, x2, x3),

y2 = y2
+(t, x1, x2, x3),

y3 = y3
+(t, x1, x2, x3),











y1 = y1
−

(t, x1, x2, x3),

y2 = y2
−

(t, x1, x2, x3),

y3 = y3
−(t, x1, x2, x3).

(2.5)



4 RUSLAN SHARIPOV

The mappings (2.5) produce two Jacobian matrices inverse to (2.3) and (2.4):

J i
j+ =

∂yi
+

∂xj
, J i

j− =
∂yi

−

∂xj
. (2.6)

The matrices (2.6) are continuously extendable onto the interface σ. However, their
values on σ do not necessarily coincide. We can treat them as a single matrix-valued
function J defined in the union of the domains M+ and M− with a discontinuity
at the interface σ.

As in [18] and [20], we choose the functions (2.5) to be the dynamical variables
of our media.

3. Variations of the dynamical variables.

The dynamical variables given by the functions (2.5) are independent within the
bulk of their domains M+ and M−. However, their values at the interface σ are
not independent.

Generally speaking, the domains Ω+ and Ω− in the static space may be com-
pletely disjoint. However, their boundaries have certain parts that are mapped

onto the interface σ by means of the func-
tions (2.2). By changing the coordinates
in Ω+ and Ω− and subsequently cutting
and gluing the static space itself, we can
make these parts of the boundaries flat
and bring them into contact (see Fig. 3.1).
By the same actions, we can additionally
provide the following equality in the case
of perfect contact:

yi
+

σ,t=t0

= yi
−

σ,t=t0

. (3.1)

Applying (2.2) to (3.1), we obtain

xi
+

S,t=t0

= xi
−

S,t=t0

. (3.2)

Afterwards, from (1.11) and (3.2), taking
into account vi

+ = ẋi
+ and vi

−
= ẋi

−
, we

derive the following relation for all instants of time:

xi
+

S

= xi
−

S

. (3.3)

Finally, applying the backward transformation functions (2.5) to (3.3), we extend
the initial relation (3.1) to all instants of time:

yi
+

σ

= yi
−

σ

. (3.4)

Relation (3.4) was implicitly used in [20]; here, it has been rigorously proved. It
shows that the number of independent dynamical variables at the interface σ in the
case of perfect contact is three instead of six.
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The case of ideal slip is more complicated. The domains Ω+ and Ω− are brought
into contact at the plane S given by the equation y3 = 0 (see Fig. 3.1). This
plane is mapped onto the interface σ by the forward transformation functions (2.2).
Therefore, the relation (3.4) is replaced by less restrictive relations in this case:

y3
+

σ

= 0, y3
−

σ

= 0. (3.5)

Let X = (x1, x2, x3) ∈ σ be some arbitrary point on the interface σ. Applying the
backward transformation functions (2.5) to it, we get two points:

Y+ = (y1
+, y2

+, 0) ∈ S, Y− = (y1
−

, y2
−

, 0) ∈ S (3.6)

In general, the points Y+ and Y− in (3.6) do not coincide.
In order to pass to variations, we introduce a small parameter ε → 0 into the

argument lists of the functions (2.2) and (2.5). Even for ε 6= 0, these functions
implement mutually inverse transformations. Therefore, we write

xi
+(ε, t, y1

+(ε, t, x1, x2, x3), y2
+(ε, t, x1, x2, x3), y3

+(ε, t, x1, x2, x3)) = xi,

xi
−

(ε, t, y1
−
(ε, t, x1, x2, x3), y2

−
(ε, t, x1, x2, x3), y3

−
(ε, t, x1, x2, x3)) = xi.

(3.7)

We differentiate (3.7) with respect to ε and then substitute ε = 0. Moreover, we
set x1, x2, x3 to be the coordinates of the point X ∈ σ. This yields

xi ′
ε+(0, t, Y+) +

3
∑

k=1

M i
k+(0, t, Y+) yk ′

ε+(0, t, X) = 0,

xi ′
ε−(0, t, Y−) +

3
∑

k=1

M i
k−(0, t, Y−) yk ′

ε−(0, t, X) = 0.

(3.8)

For comparison with (7.8) in [18] and with (6.2) in [20], we write

ŷk
± = yk

+ + εhk
±(t, x1, x2, x3) + . . . , (3.9)

where

hk
±(t, x1, x2, x3) = yk ′

ε±(0, t, x1, x2, x3). (3.10)

In the case of perfect contact, the functions (3.10) are arbitrary smooth func-
tions with compact support in the bulk of the domains M± whose values coincide
on the interface σ due to (3.4). In our present case of ideal slip, the functions
h1
±(t, x1, x2, x3) and h2

±(t, x1, x2, x3) are also arbitrary functions within the bulk of
the domains M±, but their values at the interface σ do not necessarily coincide:

h1
+(t, X) 6= h1

−(t, X), h2
+(t, X) 6= h2

−(t, X), (3.11)

where X ∈ σ.
The case of h3

±(t, x1, x2, x3) is more complicated. The values of these two func-
tions at the interface σ are not independent. In order to reveal their dependence,
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we apply the notation (3.10) to (3.8) and write the relation

xi ′
ε±(0, t, Y±) + M i

1±(0, t, Y±) h1
±(t, X) +

+ M i
2±(0, t, Y±) h2

±(t, X) + M i
3±(0, t, Y±) h3

±(t, X) = 0.
(3.12)

Note that M i
1±(0, t, Y±) and M i

2±(0, t, Y±) are the components of the vectors

τ1 =

∥

∥

∥

∥

∥

∥

M1
1±(0, t, Y±)

M2
1±(0, t, Y±)

M3
1±(0, t, Y±)

∥

∥

∥

∥

∥

∥

, τ2 =

∥

∥

∥

∥

∥

∥

M1
2±(0, t, Y±)

M2
2±(0, t, Y±)

M3
2±(0, t, Y±)

∥

∥

∥

∥

∥

∥

(3.13)

tangent to the interface σ at the point X. Therefore, we can exclude h1
±

(t, X) and

h2
±(t, X) from (3.12) using the components of the unit vector n normal to σ. Since

the scalar products (τ1,n) and (τ2,n) for the vectors (3.13) are zero, we derive

3
∑

i=1

xi ′
ε±(0, t, Y±) ni = −

( 3
∑

i=1

M i
3±(0, t, Y±) ni

)

h3
±(t, X). (3.14)

Both xi
+(ε, t, Y+) and xi

−
(ε, t, Y−) are the coordinates of two points on the same

surface σ(ε) slightly deviated from the interface σ. Therefore,

3
∑

i=1

xi ′
ε+(0, t, Y+) ni =

3
∑

i=1

xi ′
ε−(0, t, Y−) ni. (3.15)

The above relations (3.14) and (3.15) prove that the variations h3
+(t, x1, x2, x3) and

h3
−(t, x1, x2, x3) from (3.9) are not independent at the interface σ. If we denote

h(t, X) =

3
∑

i=1

xi ′
ε+(0, t, Y+) ni =

3
∑

i=1

xi ′
ε−(0, t, Y−) ni, (3.16)

then we can express both h3
+(t, X) and h3

−(t, X), where X ∈ σ, through the function
h(t, X). Thus, we conclude that, in the case of ideal slip, there are five independent
variations at the interface σ. These are the functions from (3.11) and (3.16).

Remark. Despite (3.5), the variations of the functions y3
+(t, x1, x2, x3) and

y3
−(t, x1, x2, x3) therein are not zero at the interface σ since the interface σ = σ(ε)

itself depends on ε when varying. The same is true for (3.4). But in this case
yi
+(ε, t, X) = yi

−
(ε, t, X), i. e., yi

+ and yi
−

change coherently at σ when varying.

4. Boundary conditions.

The three boundary conditions in (1.10) derived in [20] are associated with three
independent variations hi

+(t, X) = hi
−(t, X) at the interface σ. In the case of ideal

slip, we have four independent variations in the relation (3.11). The boundary
conditions associated with them are written as follows:

3
∑

s=1

(

B±

m vs
± − Cs±

m

)

ns

σ

= 0, m = 1, 2. (4.1)
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In order to derive the fifth boundary condition associated with the fifth independent
variation h(t, X) in (3.16), we express h3

±(t, X) through h(t, X) using (3.14):

h3
±

(t, X) = −

( 3
∑

i=1

M i
3±(0, t, Y±) ni

)−1

h(t, X). (4.2)

Applying (4.2) to the integral (12.4) in [20], we derive

( 3
∑

i=1

M i
3+ ni

)−1 3
∑

s=1

(

B+
3 vs

+ − Cs+
3

)

ns

σ

=

=

( 3
∑

i=1

M i
3− ni

)−1 3
∑

s=1

(

B−

3 vs
−
− Cs−

3

)

ns

σ

.

(4.3)

Note that the formulas (4.1) and (4.3) are less universal than the formula (1.10).
They are bound to our very specific transformations of the domains Ω+ and Ω−

with the coordinates y1, y2, y3 in them (see Fig. 3.2). The metric (2.1) becomes
discontinuous at the plane y3 = 0 under these transformations; however, this does
not influence the ultimate result.

5. Conclusions.

The boundary conditions (4.1) and (4.3) for the case of ideal slip are the main
result of the present paper. Along with the condition in (1.12), they can be applied
to the equations (1.3) and (1.4) for relativistic nonlinear elastic media derived in
[18] within the framework of the 3D-brane universe model (see [3] or [4]).
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